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THE INSTITUTE OF APPLIED LOGIC 
The Institute of Applied Logic is a non-profit educational institution 


_incorporated under the laws of the State of Minnesota. The scope of 
} activity and the purposes of the Institute are as follows: 


4h 1. To generate a widespread understanding of the science of logic. 


-2. To develop and demonstrate the application and interpretation of 
F systems of logic in various fields of scientific work. 


} 3. To disseminate knowledge about systems of logic and their application. 


| 4. To develop new systems of logic, new interpretations and new applica- 
: ons: 


It is not within the scope of the Institute to study the internal structures 
of any science or activity beyond the extent necessary to develop suitable 
interpretations and applications of logical systems. The interest of the 
| Institute in any such application is strictly objective and divorced from 
| any implications involved in the end results. This is intended to define 
| the fact that except for the realm of logic the Institute is not interested 
in any political, religious, sociological, ethical, moral, industrial, scien- 
j tific or other systems (or objectives of such systems) per se, but only in 
) the application of the principles of logic in the improved development 
| of such systems. 


The program of the Institute for accomplishing its objectives includes 
_the publication of this journal. The journal is intended to link a wide 
|» variety of people in the field of computing machinery and in the field 
; of theoretical logic. This requires a broad editorial policy and the 
| publication of articles at a variety of levels. Scholarly papers of prin- 
_Ciple interest to professional logicians as well as articles pertaining 
~ to the development of systems os computing machinery and related 
| material are solicited. 


The funds of the Institute are obtained from grants, donations, sub- 
scriptions, charges for consulting services and similar sources. Mem- 
~ bership contributions, including subscription to the Journal of Computing 
Systems, are currently established at five dollars annually. 


| ~=6Publication of this Journal is aided by a grant from the Louis W. and 
Maud Hill Family Foundation to the Institute of Applied Logic fora 
project pertaining to the study of the internal languages and potential 
applications of computing machinery. 
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are solicited. They should be addressed to the Institute of Applied Logic, 
47 West Water St., St. Paul 1, Minnesota. All manuscripts will be given 
prompt consideration and those accepted will be published as soon as 
possible. Authors will be given fifty reprints without charge and addi- 
' tional reprints will be supplied upon request at cost. 
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NOTE 


The term ‘‘Computing Systems”’ is used in the title of this Journal in 
its Dros dest cence: It is tended to include logical and mathematical 
systems as well as structures for machines Saenen to solve problems 
that involve computing. Thus the principal purpose of the Journal is to 
Provide a common meeting ground, a channel Pee Se ieatiaty in 
these inter-related fields, Articles will be published covering the inter- 
pretation of logical and mathematical methods in the field of computing 
machinery as well as theoretical technical papers in all three subjects. 
. The editorial policy and the choice of subject matter will be substantially 
guided by the interest shown and communications from readers will be 


welcomed. 


A SYSTEM OF MODAL LOGIC 


JAN LUKASIEWICZ 


The present essay consists of two parts: the first contains © 
general remarks on systems of modal logic, the second is an ex- 
position of a new modal system. 


7? 


a 


PART I 


1. What is modal logic. A logical system is usually called 
‘modal logic’, if there occur in it modal expressions such as 
“possible’ or ‘necessary’. Instead of this rather vague character- 
ization I shall try to give a precise definition of modal logic 
according to the tradition initiated by Aristotle. 


First I shall explain what I understand by ‘basic modal logic’. 
I am calling thus a system containing the expressions: 


‘It as possible that p’ denoted bycp. and 
“Zt as necessary that p’ denoted by ‘I"p’, 


if and only if they satisfy the following eight conditions: 


I. The implication ‘If p, then it is possible that p’ is 
asserted, in symbols: 


1 ECpapa. 


“C’ means ‘if-then’, ‘p’ is a propositional variable, and ‘  }’ is 
‘tthe sign of assertion.! ary 


II. The implication ‘If it is possible that p, then p’ is 
rejected, in symbols: 


12221CA pps 


‘4 ' is the sign of rejection. ? 
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III. The proposition ‘It is possible that p’ is rejected, 


133 4 AD. 


\ IV. The implication ‘If it is necessary that p, then Pp is 
asserted, in symbols: 


1.4 FCI pp. 


g V. The implication ‘If p, then it is necessary that p’ is 
tejected, in symbols: 


— 


1255-120 pinp. 


VI. The proposition ‘It is not necessary that p’ is rejected, 


fin symbols: 


| | (1.64 Np. 
aN? means ‘not’. 


| VII. The equivalence ‘It is possible that p - if and only 
if - it is not necessary that not p’ is asserted, in symbols: 


1.7 KF EApNI'Np. 


_*E’ means ‘if and only if’. In my symbolic notation the functors 
are always put before their arguments. 


VIII. The equivalence ‘It is necessary that p - if and only 
if - it is not possible that not p’ is asserted, in symbols: 


1.8 fF EI’pNANp. 


The first condition corresponds to the principle: Ab esse 


ad posse valet consequentia. 
© 


- * The second condition corresponds to the saying: A posse ad 
esse non valet consequentia. 


- 


The third condition states that not all formulae beginning 
with A are asserted, because otherwise A p would be equivalent 
to the function ‘verum of p’ which is not a modal function. 
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The fourth condition corresponds to the principle: Ab op- 
ortere ad esse valet consequentia. 


The fifth condition corresponds to the ‘saying: Ab esse ad 
oportere non valet consequentia. 


The Baath condition states that not all formulae beginning ~ 
with NI are asserted, because otherwise I’ p would be equivalent 
to the function ‘falsum of p’ which is not a modal function. 


The last two conditions are evident relations between pos- 
sibility and necessity. : 

The above conditions, except perhaps the third and the sixth, 
which seem to be unknown to the traditional logicians, are em- 
bodied in the following ‘square of modalities’: 


NANp=Ip : NAp =I"Np 


contrarietas 


° fs) 

“va oe 

= Pod - 
ow a) 

= r=) 

i & 

a) o 

f=) Po) 

Ce | eo 

‘s @ 

5 3 

n n 

subcontrarietas 5 
Ap = NNp ANp = NI'p - 


I call a system ‘modal logic’ if, and only if, it includes 
the basic modal logic as its part. ; 


I accept throughout the paper that both A and I are propo- 
Sition-forming functors of one propositional argument, and that 
both Ap and ['p are truth-functions, i.e., their truth-values 
depend only on the truth-values of their arguments. As there 
exists in the two-valued logic no functor of one argument which 
would satisfy the formulae 1.1, 1.2, and ].3, or 1.4, 1.5, and 
1.6, it is plain that the basic modal logic, and, consequently, 
every system of modal logic is_a many-valued system. 
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2. Axiomatization of the basic modal logic. The next step 
to throw some light upon the modal logic is to axiomatize the basic 
modal logic on the ground of the classical calculus of proposi- 
tions. It can be easily seen that of the two modal functors, Ap 
§ and [‘p, one may be taken as the primitive term, and the other 
3 can be defined. Let us take A as the primitive term. It would 
‘seem that, accepting the first three A-formulae as axioms, we 


§. could -deduce from them the remaining four l’-formulae. This is, 


however, not the case: formula 1.7, which contains besides A the 
9 defined functor I, cannot be got in this way, and must be accepted 
# axiomatically. It is not elegant to use defined terms in axioms; 
*# we take, therefore, as the fourth axiom, instead of 1.7, the formula 
- EApANNp, which is equivalent to EA pNI' Np. We get thus the 
CLUS set of axioms: ad 5 : 


Pe RiGpAp.. C=1.1) 
foe 4oC\ pp C=7122) 
Zo 41k p 0 SA RD 
2.4 - EApANNp. 


Ip is defined by the equivalence: 


Di lop. Deke 
2.5 k EI pNANp. at 22178.) 


I accept the usual rules of substitution and detachment for 
the asserted formulae. The analogous rules for the rejected ex- 
pressions run thus: 


(a) Rule of substitution: If @ is rejected, and a is a sub- 
stitution of 6, then § must be rejected. 


(b) Rule of detachment: If Caf is asserted, and # is re- 
jected, thena must be rejected. 


Both rules are evident. Rule (a) is applied below to prove 
2.11 and 2.14, rule (b) to_preve 2.10 and 2.13. 


a The deduction. ? 


Auxiliary formulae of the propositional calculus: 


Tl | CEpNqEErNpErg 
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T2 + CEpqCqp 
T3 + CEpNqCCNrqCpr. 


Derived formulae of the basic modal logic: 


Tl p/i'Np,q/A NNp,r/A p * C2.5 p/Np-2.6 
2.6 bk EEApNI"NpEA pA NNp 
T2 p/EA pNI° Np,q/EApA NNp * C2.6-C2.4-2.7 


23% fF EA-pNE Np A ee Bere) 
T3 p/Il'p,q/ANp,r/p°* C2.5-C2.1p/Np-2.8 - 
2.8 [ Cl'pp (= 1.4) 


To5e0/ Op, 0/7) Np,F/p. *.C2. 1-2-9 
2.9 | CCNpl NpCA pp 
2-9.*-€2.10-2.2 
Ca \hor4CNpl Np 
2.10 * 2.11 p/Np 
Delis} Cok p G=7-5) 
——T2 p/Ap,q/NI Np * C2.7-2.12 
2.12 -OTNpAp 
elo C2 13-0 3 
2.13 4 NI Np 


2.13 * 2.14 p/Np 
2.14 4 Np (zo) 62) 


Any of the four A -axioms is independent of the remaining 
three. This is easy to prove for the first three axioms. We take 
for C and N the normal two-valued matrix Ml, and show the inde- 
pendence of 2.1, 2.2 and 2.3 by interpreting 
Ap as Np, p and Vp respectively. I shall ex- 
plain the last proof. Vp, i-e., ‘verum of p’, 
has for all truth-values of p the assert- 

M1 ed truth-value of 1. If Ap = Vp, thenAp = 1, 

since Vp = 1. Ap, therefore, is asserted, 

1.e., axiom 2.3 is not verified. Axiom 2.1 is verified, because 
CpA p = Cpl = 1; similarly, 2.4 is verified, because EA pA NNp = 
Ell = 1. From CApp we get for p/2: CA22 = Cl2 = 2, and as 2 
is rejected, CApp is rejected too. All our axioms are verified 
by the matrix Ml and the interpretation Ap = Vp, except 2.3 which, 
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| therefore, is independent of the remaining axioms. The other 
| proofs are of a similar kind. 

] ‘The proof of independence of the fourth axiom requires a 1 three- 
| walued matrix, M2.‘ M2 verifies the C-N-axioms of the classical 
calculus of propositions, A is defined 
independently, andI° is got from N and 
A according to the definition 2.5. 1 


1 is the asserted truth-value, the other 
1 truth-values are rejected. It can be 
te f easily seen that CpAp is asserted. CApp 
M2 _ is rejected, because we have for p/2: 


jected, because for p/3 we have A3 = 3. The axioms 2.1, 2.2 and 
2.3 are thus verified, but axiom 2.4 is not verified, because its 
consequence CApA NNp is rejected for p/2: CA 2A NN2 = CIANI = 
CIA 3 = C13 = 3. Since 2.4, -i.e., EApANNp, is equivalent to 
| EApNI"Np, this last formula is not verified too. Formula Cpl" p 
| is also not verified, since it must be asserted according to the 
| matrix, whereas it should be rejected. [It is clear, therefore, 
| 

| 

| 


= 

| ES 

E af CA29'=Cl2 = 2. Similarly, Apis re- 
1 


that axiom 2.4 is indispensable for the axiomatization of the 
basic modal logic. 


We get a corresponding set of axioms of the basic modal logic, 
if we take [ as the primitive term and accept as axioms the fol- 
lowing four [ -formulae: 


fp 2.15 FCI pp (= 1-4-) 
2.16 1 Cpl'p (= 1.5) ee ara 
2.17 1 Np (21-6) 


2.18 {EI pINNp. 


A is introduced by the definition: 


Disk ps) 2719 
2.19 + EApNI' Np. Gat 3 


Formula EI’ pI*NNp is equivalent to EI’ pNANp. This can be 
proved by T] in the same way as the equivalence of EA pA NNp and 
EA pNI"Np, by interchanging in 2.6 the A’s andI’’s. 2.18 is in- 
dependent of the remaining axioms. The proof is given by the matrix 
M3 with two asserted truth-values, which verifies the C-N-axioms 
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of the classical calculus of propositions 


D and the axioms 2.15-2.17, but does not verify 
2 2.18, as the consequence of 2.18, CI“NNpI'p 
1 is rejected for p/2: -CI'NN2I°2 = CI°N33 = 
9 Ci i2ee,Clseze3. 

M3 


3. Aristotle’s theorems of the propositional modal logic. 
It is a pity that the formulae of the modal square never were 


correctly axiomatized on the basis of the classical calculus of 
propositions, and that even the problem of such an axiomatization 
never was clearly seen.* Nobody, therefore, could observe that 
two odd formulae are hidden in the square, viz.: 


EA pA NNp and EI’ pI"NNp 


which are indispensable for a correct axiomatization. These formulae 

throw a light on the modal logic just because of their similar shape: 

they suggest the idea that there must be a general principle inde-_ 
pendent of the modal square from which they may be deduced. There 

are still other reasons to suppose that the basic modal logic is 

not complete and requires the addition of some new principles. 

So, for instance, we believe that if a conjunction is possible, 

each of its factors should be possible, in symbols: 


3.1 ELCAKpqAp 
3.2 CA Kpgd q; 


and if a conjunction is necessary, each of its factors should be 
necessary, in symbols: 


3.3 -CIKpqI'p 
34-4 Cl Koala. 


None of these formulae can be deduced from the modal square, i.e., 
from the basic modal system. 

It is strange enough that the only two theorems of the modal 
logic which Aristotle expressly states with propositional vari- 
ables can be inteipreted so as to give us the general principle 
we are looking for. leferring to his syllogisms, Aristotle writes 
in the Prior Analytics: ‘If one should denote the premises by a, 
and the conclusion by £, it would not only result that if a is 
necessary, then § is necessary, but also if a is possible, then 
B is possible.”* There are two different ways of interpreting these 
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theorems as formulae of modal logic, although it is highly im- 
probable that Aristotle was aware of their difference. Let us 
explain these two interpretations. 

All the Aristotelian syllogisms are implications of the form 
Caf where a is the conjunction of the two premises and B the con- 
clusion. E.g., ‘If all a is b and all b isc, then all a is ce’, 


in symbols: 
CKAabAbcAac.’” 
peas op 
a 


According to the above quotation, we get two modal theorems taking 
Caf as the antecedent, and CA0 AB or CIUl’B as the consequent, 
in symbols: oo 


3.5 FCcaBCAcAB and 
3.6 -ccafclersp. 


The letters a and stand here for the premises and the conclusion 
of an Aristotelian syllogism. We may treat these theorems as special 
examples of general principles which we get by replacing the Greek 
letters by propositional variables: 


3.7 -CCpqCA pAg and 
wees. | COpgC li pt 'q. 


This is the first interpretation. ‘The principle for A seems 
to be confirmed by Aristotle himself in a second passage which 
reads quite generally: ‘It has been proved that if (ifa is, A 
is), then (if a is possible, B is possible).’® Formula 3.7 is 
accepted as Aristotelian by A. Becker and I.M. Bochenski.® 

We get a second interpretation if we draw attention to the 
fact that according to Aristotle the connection between the premises 
a of a syllogism and its conclusion f is necessary. This gives 
us the special theorems: 


3.9 KCrCaB CAcAp and 
710° -Clh.Cap ¢1al 6, 


which we may extend into the principles: 


3-11 CI CpqcCApAgq and 
35125 Cl: Gack pla. 
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The principle 3.11 for A seems to be corroborated by Aristotle 
_ himself, as we read at the beginning of the same chapter where 
the other modal theorems occur: ‘First it has to be said that 
if (if a.is, 8 must be), then (if a@ is possible, B must be pos- 
sible too).’'° The second ‘must’ evidently refers to the neces- 
sary connection between the antecedent and the consequent, but 
the first ‘must’ seems to state a necessary connection between 
a and f in the antecedent. There is no reference to a syllogism. 

The formulae got by the first interpretation are stronger than 
those got by the second, as it is shown by the following deduction: 


T4 | CCpqCCqrCpr 
4 | Clopp 
T4 p/I Cpq,q/Cpq,r/CA pAg * Cl.4p/Cpq-C3.7-3.11 
S211 + Cl CpqcA pag 
T4 p/T’ Cpq,q/Cpq,r/CIpI'q * Cl. 4p/Cpq-C3. 8-3. 12 
Sei) Gi CoqCl pI’ q-. 


We see that 3.11 follows from 3.7 and 3.12 from 3.8 by means of 
1.4 and the principle of the hypothetical syllogism T4. The con- 
verse deduction is not valid. This can be proved by the matrix 
M4 which results for C and N from the multiplication of Ml by it- 
self, verifies the C-N-axioms, the basic modal system, and the 
formulae 3.1] and 3.12, but does not verify 3.7.and 3.8, as we 
have for p/4, q/2: CC42CA 4A 2 ClC32°>= Cl2:= 2; and) for.p 
GapeCcs ltrs isl => ClC32 =. Clo 9. 


M4 


4. Possible extensions of the basic modal logic. All the 
four newly introduced principles, the stronger 3.7 and 3.8 as well 
as the weaker 3.1] and 3.12, are independent of the basic modal 
system on the ground of the classical calculus of propositions. 
It suffices to prove this for the weaker principles, because if 
these are shown to be independent, the stronger must be independent 
too. The proof is given by the eight-valued matrix MS which re- 
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: sults for C and N from the multiplication of the matrix Ml by the 
7 matrix M4. MS verifies the C-N-axioms and the basic modal logic, 
@ but does not verify 3.11 and 3.12, as we get for p/5, q/6: 

GR CS6CA-SAG = CI2C16 2" C26: 2.5 


and for p/3,q/4: 
CI.C34Ch 3F 4-=-CI 2C38 = C26 =:5 


ee ee 
Re NO MK NY KF NY KK WHI 
KH = Wwe Sw wlw. 
HS NO CO Pe BS NY WC |] > 
EHP Ye nnn nin 
FE NYFF NAH N AIA 
— SH wwnnnyi rain 
HK OO © F&F NH AY Ol 
mH OW moan A ola, 
(eo) fe2) (a) Cay (eo) () (SK) ils, 
CAND KH KY YF SS KF | D 


a 
on 


_ The new principles are not only independent of, but also con- © 
sistent with the basic modal logic on the ground of the C-N-system. 
The proof. of consistency is given by the matrix M6 which is identical 
with M4 for C and N, but different for 
IT and A. M6 verifies the C-N-axioms, 
the basic modal logic, and all the four 
principles got by inter pretationof- 
Aristotle’s modal theorems. Any such 
principle, when added to the basic modal 
logic, will expand this system into a 
fuller one. 


The formula CEpqc$p¢q is called in logic ‘the principle 
of extensionality for ¢’. In a wider sense we may also thus call 
the formulae CCpqcCPphq and WCpqc>qhp, because we get from them 
_ by CEpqCpq or CEpqCqp and the hypothetical syllogism the prin- 
ciple CEpqcdp¢q. For instance, the principle of transposition 
CCpqUNqNp is in a wider sense a principle of extensionality for 
N, because we get from it the formula CEpq(NpNq. The principles 
(LpqCA pAg and CCpqCIp!I’q are in a wider sense principles of 
extensionality for A and I". 
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These two principles are equivalent to each other on the ground 
of the C-N-system and the basic modal logic. Starting from 3.7 
(CCpqCA pAq) we get 3.8 by means of the formulae: 


T5 + CCNqNpCrsCCpqCNsNr 
T6 + CEsqCEtrCCpCqrCpCst 
2.5 | EP pNANp 
TS r/A Nq,s/ANp * C3.7p/Nq,q/Np-4.1 
4.1 | CCpqCNA NpNA Nq 


T6 s/T p,q/NA Np,t/T q,r/NA Nq,p/Cpq * C2.5- 
C2.5p/q-C4.1-3.8 


3.8 + CCpqCI' pI’ gq. 


“The converse deduction fron 3.8 to 3.7 can be performed in the same 
way by interchanging A andl" . . 


If we add 3.7 to the A-axioms of the basic modal logic we get 
by the laws of the C-N-system the formula EA pA NNp: 


T7 ECpNNp 
T8 | CNNpp 
T9 | CCpqCCqpEpq 
- DoLeg/ NNp *)Cl?=4 72 


4.2 } CApA NNp 

3.7 p/NNp,q/p * CT8-4.3 
4.3 | CANNpA p 

T9 p/Ap,q/ANNp * C432-C4.3-2.4 
2.4 | EA pA NNp 


In the same way we can prove EI’ pI NNp starting from 3.8. 


Owing to the stronger interpretation of the Aristotelian 
theorems we have found in the principle of extensionality for 
modal functors the general law from which the formulae EA pANNp 
and EI*pI*NNp of the modal square can be deduced. 

The extended modal system which arises by the addition of 
CCpqCA pAq to the basic modal logic and is ex pounded in the 
second part of this article is the simplest complete modal logic 
with an adequate four-valued matrix. [t is, in my opinion, both 
logically and philosophically of the highest importance. Never- 
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theless, it is wholly unknown. All the existing systems of modal 
logic, as far as I see, extend the basic modal logic by weaker 


‘principles, assuming either such formulae as CI’ CpqCI pI'q or 


CI” CpqCA pAgq which correspond to the weaker interpretation of 
the Aristotelian theorems or rules of extensionality instead of 


' principles. The principles of extensionality for modal functors 


are not accepted. In Von Wright’s system, for instance, formula 
CCpqGQNAqNA p, which is equivalent to CCpqCA pAgq, is expressly 
disproved.'' All these modal systems are possible extensions of 
the basic modal logic and may have their own merits; perhaps we 
shall be able to decide some day which of them is the best. 


PART SIT 


5. Axioms of the £-modal system. The modal system expounded 


in this part presupposes the classical calculus of propositions, 
accepts Aas the only primitive modal term, and is built up.on 
the basic modal logic with the addition of only one new modal prin- 


‘ciple, viz., the strict principle of extensionality for A. 


_ The general principle of extensionality, taken sensu stricto, 
has the form: 


5.1 - CEpqC5 pq 


where 8 is a variable functor.'? This principle I extend to the 
modal functor A getting thus the formula: 


Seimeo Apa. 2 
5.2 F CEpqCA pAgq. 
Formula 5.2 seems to be intuitively evident. We say that if p and 
q are equivalent to each other, then ‘If p is true, q is true’, and 
‘If p is false, q is false’; so »c may also say that under the same 


condition ‘If p is possible, q is possible’. Von Wright accepts 
in his system the rule of extensionality: 


Sesetebap ~-b Aal B, 


in words: ‘a if and only if 6; therefore, a is possible, if and 
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only if 6 is possible.’'? The arrow is the sign of ‘therefore’. 
Rule 5.3 follows from the formula 5.2. 

The general principle of extensionality 5.] must be accepted 
in the t-modal system, as it -is valid for all functors of one argu- 
ment of the classical calculus of propositions, and is admitted 
for the modal functor A. This leads to a simplification of the 
axiom-set of ‘the system. From 5,1 by means of the formulae of 
the classical C-N-system: | 


T10 fF CCpqCpCrq 

T11 | CCpCqrCpCqCsr 
T12 | CCprCCqrCApqr 
T13 | AEpqENpq 


we get the following consequences: 


T10 p/ENpq,q/C5 Np8& q,r/8 p * C5.1p/Np - 5.4 
5.4 - CENpqCS pC5 Np8q 
ieee Dd .d/0.b,0/ 0 4,38/ 6 Np * (Coa le-eo- 3 
5.5 | CEpqC 5 pC5 Npéq 
Te2 ppg, r/Go pC oO Np-o q,q/ENpq * CS.58-C5.4 
SCT U3: =:5'5.6 
5.6 [; C8 pC5 NpS8q. 
It was shown by C. A. Meredith - in an unpublished paper - 
that formula 5.6 may be taken as the sole axiom of the classical 
C-N-5 -p-calculus, i.e., the classical C-N-calculus of propositions 


extended by the addition of variable functors. [I accept, there- 
fore, as the first axiom of the £-modal system the formula: 


IZEC 6 pCO Np 6.q. 


From this axiom I derive by substitution and detachment the three 
axioms of the C-N-system: "4 


20 COpgCGerCpr 
20 + CCNppp 
10 } CpCNpq, 


the principle of extensionality: 
13 a-LekpaGoeplorg: 
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and the fourth axiom of the basic modal logic, 2.4: 


89 |} EApANNp. 


The other three axioms of the basic modal logic are independent 
of axiom ], and must be taken axiomatically: 


2 -CpAp 
3 4 CA pp 
4 Ap, 


so that our modal system is based on four axioms: 1, 2, 3 and 4, 
As rules of inference I accept the rules of substitution and de- 


tachment for asserted and rejected formulae. 

| The proofs of independence are the same as in the basic modal 
: logic. The independence of axiom ] is proved by the matrix M2, 
because we have for 8/A’ and p/2,q/3: CA2CA N2A3 = C1CA 13 = 
— C1C13 = C13= 3. 


The Aristotelian principle: 
mm. 3.7 + CCpqCcA pd q : 


which is a principle of extensionality in a wider sense, is stronger 
than the strict principle of extensionality 5.2. Nevertheless, 
it is deducible in our system by means of the law 


30 +} C5 CpqCd pdgq, 


| a consequence of the axiom ]. We get from this law by substitution 
| §/A' the formula: 


iia CA CpqCA pAgq, 


a4 


and as CCpqACpq is true according to our axiom 2, we get 


78 + CCpqcA pA q 

by the help of the syllogism. We may say, therefore, that our 
system arises from the basic modal logic by the addition of an 
Aristotelian principle. 


6. Matrix of the t-modal system. We get an adequate matrix 
of the £-modal system by ‘multiplying’ the matrices M7 and M8, 


both identical with the adequate matrix Ml of the two-valued cal- 
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culus, but with different figures as elements in order to avoid 
misunderstandings. The figures 5 and 7 marked by an asterisk are 
the selected elements, i.e., the asserted values, 6 and 8 are 


rejected. 
C7; 5 6{N (Cyt 28 aen 
ee PN aS nt ty Por Sy Ee 
S| eee ae pens ew OT ge Mat ee bay! 
Mle M8 


The process of multiplication can be described as follows: 


First, we form ordered pairs of elements of both matrices 
by combining an element of M7 with an element of M8; we get thus 
four combinations: 


EAS ine, 8) pe (On Jin 00, ad 


These combinations are the elements of the new matrix. The selected 
element is (5,7), as 5 and 7 are the selected elements of the origi- 
nal matrices. 

Secondly, we determine the truth-values of the functions C, N 
and A by means of the following equalities (a,b,d represent the 
elements of M7, x,y,z the elements of M8): : 


6.1 C(a,x)(b,y) = (Cab,Cxy), 
6.2 N(a,x) = (Na,Nx), 
6.5.7 O.(a,x) = Ca,Cxx). 


Substituting for a and b the values 5 and 6, for x and y the 
values 7 and 8, and evaluating the functions on the right according 
to the matrices M7 and M8, e.g.: C(6,7)(6,8) = (C66,C78) = (5,8), 


we get from these equalities the following matrix M9: 


(6,7) 


(6,8) 


ATO) (5,7) 
(5,8) (S,7) 
(6,7) (6,7) 


M9 


M9 is an adequate matrix of the system, i.e., it verifies all 
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its formulae and no other formulae besides. This can be seen by 
the following consideration, 

First, M9 verifies the axioms of the C-N-calculus, CCpq CCaqr 
Cpr, CCNppp, and CpCNpq. Putting in these axioms for the vari - 
ables arbitrary elements of the matrix, (a,x), (b,y), and (d,z), 
we get by means of 6.] and 6.2 the following equalities: 


6.4 CG(a,x) Cb, y) CECb, y) Cd, 2): CUa,. x): Cd, z) Ln 
CrtCab, Cxy )C(Cbhd, Cyz) (Cad, Cxz) =. C( Cab; Cxy) 
(CCbdCad,CCyzCxz) = (CCabCCbdCad, CCxyCCyzCxz)- = 
Cosi) .< 


Bao CCN(a,x) (a,x) (a,x) = CC(Na,Nx)(a,x)(a,x) = 
C(CNaa,CNxx) (a,x) (CCNaaa,CCNxxx) = (5,7). 


meget a, x)CN( a,x) (b, yJo= CCa;x)C(Na, Nx) (b,y¥)2= 
C(a,x)(CNab,CNxy) (CaCNab,CxCNxy) = (5,7). 


The final result in all cases is the selected element (5,7) of M9, 
as CCabCCbdCad, for instance, always gives 5 according to M7, 
and CCxyCCyzCxz always gives 7 according to M8. . 


Secondly, M9 verifies the axioms 2) 3, and 4. We have by 6.1 
and 6.3: 


peageetctasxjo(a,x) = Cla,x) Ca,Cxx) = (Caa,CxCxx) = 
Rp Oe 


6.8 CA(a,x)(a,x) = C(a,Cxx) (a,x) = (Caa,CCxxx), 


which gives (5,8) for x/8, a rejected element of M9. 
6.9 A(a,Cxx), 
which gives (6,7) for a/6, again a rejected element of M9. 


_ Thirdly, in order to prove that C5 pC5 NpS q is verified by 
M9, it suffices to show that the principle of extensionality 
| CEpqC5 p§ q or COpqCCapC$ p §q is verified by M9 for all functors 
of one argument definable by M9. There are 16 such functors, as 
we can combine in 16 ways the four functions of M7, V(verum), 
S(assertion), N(negation), and F(falsum) with the analogous four 
functions of M8, e.g., (Va,Nx), (Sa,Fx), and so on. All these 
functions, however, are reducible to C-N-formulae, because Va= Caa, 
Sa = a, Fa = NCaa, and likewise Vx = Cxx, Sx = x and Fx= NCxx. 
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By substituting, therefore, the new functors for § we get C-N- 
formulae, and all such formulae are verified by M9. Take, for 
example, the principle of extensionality for A: 


6.10 /CC(a,x) (>, y)CC(b, y) Ca, x) Cilla xJatb,y) = 
G{Cab; Cxy)C( Cha, Cyx)CCa, Cxx) (b, Cyy)= 
CecGab, Cxy)C(Cha, Cyx) (Cab, CCxxCyy) —= 
C(Cab,Cxy)(CCbaCab,CCyxCCxxCyy) = 
(CGabCCbhaCab, CCxyCCyxCCxxCyy) = (5.7). 


It follows from this consideration that all the formulae of 
our modal logic based on the axioms 1-4 are verified by the matrix 
M9. It also follows that no other formulae besides can be verified 
by M9; this results from the fact that the classical C-N-proposi- 
tional calculus, to which all the formulae of our modal logic are 
matrically reducible, is ‘saturated’, i.e., any formula must be 
either asserted on the ground of its asserted axioms, or rejected 
on the ground of the axiom of rejection ¥ p, which easily follows 
by substitution from our axiom 3 or 4. M9, therefore, is an adequate 
matrix of the E-modal logic. 

Let us now write, for the sake of abbreviation, ] for (5,7), 
2 for (5,8), 3 for (6,7), and 4 for (6,8); we get from M9 the matrix 
M6 which is the adequate matrix of our modal system in its simplest 
form. 


7. The Twin Possibilities. A curious logical fact is con- 
nected with the definition of A, which, as far as I know, has 
not yet been observed. The formulae with A are obviously a 
product of formulae verified by S (assertion) and V (verum). CpAp 
is asserted because it is asserted forA« S andA = VY. CA pp 
and A p are rejected because the first formula is rejected for 
Q = V, and the second for A «= S. Now we can obtain a product 
of S and V by multiplying S by V, getting thus the function A(a,x) = 
(Sa,Vx) = (a,Cxx), or by multiplying V by S getting (Va,Sx) = 
(Caa,x). Let us denote this latter function by an inverted A: 
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7.1. V(a,x) = (Caa,x). 


From 6.1, 6.2, and 7.] there results the following matrix: 


M10 


I shall now abbreviate this matrix by replacing the pairs 
of elements by single figures. As it does not matter which figures 
| we choose, let us write ] for (Set) sou tOre (651). 355 t0Ce (Ono 
and 4 for (6,8). We get the matrix M6a which is identical with M6, 


M6a 


as we can easily see by interchanging the middle lines and columns. 
Consequently, M10 is identical with M9, and the functor V gotaued 
in this way is identical with the functor A. 

We encounter here a logical paradox: although A and V can 
be defined by the same matrix, they are not identical. Let us 
apply to V in Ml0 the abbreviation of M9: 1 for (5,7), 2 for 
(5,8), 3 for (6,7), and 4 for (6,8): we get for C,N, and A the 
matrix M6, and for V the matrix Ml], which is different 
from 4.4 and V are undistinguishable when they occur 
separately, but their difference appears at once when 
they occur in the same formula. They are like twins who 
cannot be distinguished when met separately, but are in- 
stantly recognized as two when seen together. Take, for 
instance, the formlae AAp, VVp, AVp, andVAp. AAp 

M11 is equivalent to A p which is rejected, and likewise VVp 

is equivalent to V p which is rejected too. ButVAp and 

AV p mst be asserted according to M6 and Ml]. We cannot, therefore, 
replace in the two last formulae A by V, or vice versa, although 


1 
2 
3 
4 


ed Oe | 
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both functors can be defined by the same matrix. 
In the two-valued logic the asserted value, denoted by 1, is 
called ‘truth’, the rejected value, denoted usually by 0, ‘falsity’. 
When I had discovered in 1920 a three-valued system of logic, I 
called the third value, which I denoted by %, ‘possibility’."® Later 
on, after having found my n-valued modal systems, I thought that — 
only two of them may be of philosophical importance, viz., the 
3-valued and the & -valued system. 
that either possibility has no degrees at all getting thus the 
3-valued system, or that it has infinitely many degrees, as in the 
theory of probabilities, and then we have the SX, -valued system.'§ 


This opinion, as I see it today, was wrorg. 
a 4-valued system with two values, 2 and 3, denoting possibility, 


For we can assume, [ argued, 


The £-modal logic is 


but, nevertheless, both values represent one and the same possi- 


bility in two different shapes. 


The values 2 and 3 are playing 


in the system exactly the same role which can be seen by the fol- 
lowing table of the 16 functions of one argument: 


(A) 


{ a,X2) 
( a,Nx) 
( a, Vx) 
( a, Fx) 
(Na,x ) 
(Na, Nx) 
(Na, Vx) 
(Na, Fx) 
(Va,x) 

(Va, Nx) 
(Va, Vx) 
(Va, Fx) 
(Fa,x ) 
(Fa, Nx) 
(Fa, Vx) 
(Fa, Fx) 


(B) 


C52 705, 8) (6,7) (6,8) 
(5,8)(5,7) (6,8) (6,7) 
Coty (Seo) GO, t) 
(5,8) (5,8) (6,8) (6,8) 
(6,7)(6,8)(5,7) (5, 8) 
(6,8) (6,7) (5,8) (5,7) 
COCCHI GS 
(6,3) (6, 8) (5,8) (5,8) 
(5,7) (5,8) (5,7) (5,8) 
(57 8)(540) (55.8) (Sat) 
Morale Cont) (att) (Oy oD 
(5,8)(5,8) (5,8) (5,8) 
(6,7) (6,8) (6,7) (6,8) 
(6,8) (6,7) (6,8) (6,7) 
(6,7) €6,7)(6,7) (6,7) 
(6,8) (6,8) (6,8) (6,8) 


(D) 


1234 
2143 
1133 
2244 
3412 
4321 
3311 
4422 
1212 
2125 
1 is a 
awe 
3434 
4343 
SE 
44a4 


(G) 
Pp Pp 
CANpNCApp CVpNCVNpNp 
Neh ee CV pp 
NANp NCV NpNp 
CApNCANpNp CVNpNCVpp 
Np . Np 
ANp CVNpNp 
NA p NCV pp 
CApp Vp 
CANPNp V Np 
Cpp Cpp 
NA NCpp VNCpp 
NCA Np Np NV Np 
NCA pp NV p 
ANCpp NV NCpp 
NCpp NCpp 


(H) 


1234 
3412 
1212 
3434 
2143 
4321 


“2128 


4343 
1133 
3311 
1lll 
3333 
2244 
4422 
2228 
4444 


The first column (A) represents the 16 functions, the second 
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(B) contains their matrices for a/5,x/7 - a/5,x/8 - a/6,x/7 - a/6,x/8, 
the third (D) is the translation of these matrices according to 
the equalities: (5,7)=1, (5,8)=2, (6,7) =3, (6,8)= 4, the fourth 
column (G) gives the formulae corresponding to (D) for p= 1,2,3,4 
according to the matrices:M6 and Ml] (e.g-, CANpNCApp in the 


second line has the value 2 for p/l,1l for p/2, 4 for p/3 and3. 


for p/4), and the last column (H) is the translation of the matrices 
(B) according to the equalities: (5,7) = 1, (5,8) = 3, (6,7)=2 and 
(6,8)= 4, ordered for p= 1,2,3,4. We get the figures of the last 
column from the column (D) by writing 3 for 2 and 2 for 3, and 
then by interchanging the middle figures, e.g., from 2143 we get 
first 3142, and then 3412. 

It can be easily seen that the figures of the last column 
are matrices of the corresponding formulae with V and, if we de- 
fine Ap as CVpp, also of the formulae with A. Assuming 1133 
as the matrix of Vp we get, e.g., for CVpp the matrix 1212, be- 
cause CVll= Cll=1, CV22=Cl2= 2, CV 33=C33=1, CV44= C34= 2, 
and defining Ap as CV pp we have for CA pp the matrix 1133, be- 
cause CA]]= Cll=1, CA22= (22= 1, CA33= Cl3= 3, and CA 44= C24= 3. 
Now, the formulae with V and their corresponding matrices of 
column (H) are identical with the formulae with A and their cor- 
responding matrices of column (D), as V and A are identical 
functors. We see, therefore, that we get the same formulae by 
interchanging 2 and 3, and that these twin values of possibility 
play in the system the same role. 

It also follows from the table that although all those 16 
functions are reducible to the C-N-system by the matrices (B), 
the functions corresponding to the abbreviated matrices (D) and 
(H) cannot be defined in this way. The modal functor A or its 
twin V’ is necessary and sufficient to represent them together 


with C and N. 


8. Some Formulae of the t-Modal Logic. The classical system 


of the propositional calculus extended by the addition of variable 
functors is not yet universally known. This system inspired by 
Lefniewski’s ‘Protothetic’ was modified by myself by introduction 
of the rule of 8-substitution. Owing to this rule, we get easy 
and elegant proofs. By means of them J deduce in the Appendix 
from axiom ] first the three axioms of the C-N-calculus, viz.: 


10 + CpCNpq the principle of Duns Scotus, 
20 | CCNppp the principle of Clavius, 
Zz GGpqCCarCpr the principle of the syllogism, 
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and then some other formulae without and with 8 needed for the 
modal logic. Among the latter formulae the most important are 
the following ones: The principle of extensionality, 


27 F CCpqCCqpCSpSq = or = 73s: FCEpqC8p$q, 
the principles of 5-distribution with respect to C and A, 

30 | CdCpqCipdq and rial }CoApqaA5 péq, 
and a principle of conjunction, 

60 | CédpCiqSKpq.- 
From these auxiliary theses a considerable number of A- and [= 
formlae are derived in the Appendix. Here an account of the most 


important of them. i: 


(a) The basic modal logic is a part of our system. Three 
formulae of this system: . 


2 +CpAp, 3 4 CApp and 44 Ap, 
are taken as axioms, and the remaining five: 

129 | CUpp 1564 CpMp, 1571 Np, 
124 + E!pNANp and 128 | EApNI'Np, 
are proved as consequences. 

(b) There are only four modal functors of one argument in 
the system, viz., Ap €NI Np), NAp (=I"Np), ANp (=NIp), and 
NANp (If p). This easily results from two principles of reduc- 
tion forA: ; 

94 | EAApAp and 98 [+ EANApANp. 
The corresponding principles for I" run: 


136 + EIT prp and Wat F EVNI'pl'Np. 


It should be stressed that according to these principles a prob- 
lematic proposition is equivalent to a problematic one, and an 
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Bapodeictic proposition to an apodeictic one. 


(c) There are three principles of A -distribution for C,K,_ 
Sand A (a fourth one, for E, is easily deducible from the first): 


84 | EACpqCApdAgq, 
109 } EAKpqKApAq, 
114 -|EAApqAApdAgq; 


+ and two principles of [’-distribution for K and A: 


The principle of [’-distribution for C is not valid, because the 
\formula: 


149 | ET’ KpqkKI'plq and 154 | E’ApqAl pI'q. 


i 


162 1 CCI pI ql Cpq 


‘ls rejected. 


| (d) No apodeictic proposition, 1.e., no proposition beginning 
with I’ or with NA, can be asserted in the system. This follows 
from the formulae: © eas 


134° LCP'qCpI'p | and 101 -CNApCApp. 


Both formulae are asserted, but their consequents Cpl’p and CApp 
are rejected; their antecedents, therefore, I'q and NAq, must be 
rejected too. Now, from the rejected formulae!'q or NAq nothing 
can be got by substitution, not even the formula: 


604. I Cpp; 


on the contrary, from 160 there results by substitution 1 Iq. On 
the other side, it is obvious that in the asserted formulae 134 
and 10] any expression whatever may be put for q, and all formlae 
got in this way from I°q and NAg must be rejected. In order to 
express the fact that any proposition beginning with IT or NA 
should be rejected, I employ Greek variables, calling them ‘inter- 
pretation-variables’ in opposition to the ‘substitution-variables’ 
denoted by Latin letters. We have, therefore: 


ie pee and 4 NAa, 
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where a may be any formula, i.e., any significant expression of 
the system. 


(e) On the contrary, our system contains many asserted prob- 
lematic propositions. It follows from axiom 2 that if @ is an 
asserted proposition, then the proposition ‘It is possible that 
a’ must be asserted too. We have, for instance: 


102 [heC op. 
There are besides A -formulae whose argument is rejected, e.g.: 
92 tACApp. 


This problematic proposition is asserted, although its argument 
CApp is rejected. Another interesting example is given by the 


163 FAVp. 
It is most difficult to express this formula in the ordinary language. 
Both A and V may be rendered by the phrase ‘it is possible that’, 
as both have exactly the same meaning. Nevertheless, they are 
different, and we cannot say ‘It is possible that it is possible 
that p, because this may have the meaning AA p, andAAp cannot 
be asserted being equivalent to A p. 

The list of modal formulae given in the Appendix should be 
completed by modal formulae with 5. So, for instance, it can be 
proved that the following formulae are asserted: 


ACdA pdp, AC5pdA p, ACdpsfp, ACSI pp, AESp5Ap, 
AESpSTI p. 


All such formulae are put off to a further investigation. 


9. Some Controversial Problems. Hitherto, the best known 
systems of modal logic are originated by C. I. Lewis. It is diffi- 
cult to compare my own modal logic with them, as they are based 
on the so-called ‘strict implication’ which is stronger than the 
‘material implication’ employed by myself. I shall compare, there- 
fore, my system with the systems of G. H. Von Wright which are also 
based on the material implication and are equivalent, according to 
its author, to some systems of Lewis. 

There are three modal systems presented by Von Wright in 
axiomatic form, and called by him M, M’, and M”.'® All are based 
on the classical calculus of propositions and on two additional 
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rules of transformation: 


9.1. The ‘Rule of Extensionality’: ‘If f,-++f, is provable, 
then Mf,--+Mf, is also provable’. That means in my symbolism: 


-EaB-> -L-EAa AB ("M" = Sho 


9.2 The ‘Rule of Tautology’. ‘If f is provable, then Nf is 
provable.’ That means: - 


ba =. kra ("N" = AL) 


System M is established on two modal axioms: 

O53, ac Ma the ‘Axiom of Possibility’ 
which corresponds to our asserted formula 2 CpAp, and 

9.4. M(av b)+—+Mav Mb the ‘Axiom of Distribution’ 
which corresponds to our asserted formula 114 EA ApqAA pA q. 


System M’ arises from M by addition of the ‘First Axiom of 
Reduction’: 


9.5 MMa~ Ma 


which corresponds to our asserted formula 93 CAApAp, and M’.is 
got by addition of the ‘Second Axiom of Reduction’; 


9.6 MMa~~Ma 


which corresponds to our rejected formula 121 CANApNAp. 


This last axiom gives, together with its converse formula 
CNA pANA p (which results from CpA p by the substitution p/NA p), 
the equivalence EANA pNAp. Here a problematic proposition ANAp 
appears to be equivalent to an apodeictic proposition NA p, which 
is against our logical intuitions. The author himself seems to 
be doubtful about this axicm. JI think that it should be rejected, 
and the system M” is not acceptable. 

The systems M and M’ are clearly incomplete, as 9.6, not being 
inconsistent with them, does not follow from them, The consistency 
of 9.6 with the rest of the system results from the one fact, among 
others, that for the interpretation Ma = a all the axioms and rules 
remain valid, It may be added that in this case the system ceases 
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to be a modal logic. As Von Wright does not accept rejection, I do 
not know how he can disprove the formula Ma ~ a (= CA pp) on the 
ground of his axiomatic system. 

All his other axioms and rules, i.e., 9.1, 9.3, 9.4, and 9.5 
are valid in my L-modal logic, except rule 9.2. This controversial 
rule, first stated by Aristotle, but not exactly enough, was the 
cause of many philosophical and theological discussions.'? After 
a long, but - in my opinion - unconvincing argumentation Von Wright 
says: ‘. . . the proposition that a tautology is necessary and a 
contradiction impossible are truths of logic. This certainly agrees 
with our logical intuitions.’® JI am not certain that it does agree. 
I think, roughly speaking, that true propositions are simply true 
without being necessary, and false propositions are simply false 
without being impossible. This certainly does not hurt our logical 
intuitions, and may settle many controversies. 

It may be asked, however: Why should we introduce necessity 
and impossibility into logic if true apodeictic propositions do 
not exist? I reply to this objection that we are primarily in- 
terested in problematic propositions of the form Aa and ANa which 
may be true and useful, although their arguments are rejected, 
and introducing problematic propositions we cannot omit their 
negations, 1.e., apodeictic propositions, as both are inextricably 
connected with each other. 

The second controversial problem concerns the formula 108 
t CKApA qAKpq. In some of his systems Lewis accepts the formla 
106 {| CA KpqKA pAq, but rejects its converse 108 by the- follow- 
ing argument: ‘If it is possible that p and q be both true, then 
p is possible and q is possible. This implication is not revers- 
ible. For example: it is possible that the reader will see this 
at once. It is also possible that he will not see it at once. 
But it is not possible that he will both see it at once and not 
see it at once.’'® As this argument is stated in words, and not 
in symbols, it is equally applicable to the strict as to the 
material implication. But its evidence is illusive. What is 
meant by ‘the reader’? If an individual reader, say R, is meant, 
then R either will see this at once, or R will not see this at 
once. In the first case,the proposition, ‘It is possible that 
R will see this at once’, is true; but how can it be proved that 
R will possibly not see this at once? [In the second case, the 
proposition, ‘It is possible that R will not see this at once’, 
is true; but how can it be proved that R will possibly see this 
at once? The two premises of the formula 108 are not both provable, 
and the formula cannot be refuted in this way. 

Take another example. Let n be a positive integer. I con- 
tend that the following implication is true for all values of n: 


135 


ae i ne le a es Eni IS aes 


A SYSTEM OF MODAL LOGIC 


‘If it is possible that n is even, and it is possible that n is 
not even, then it is possible that n is even and n is not even.’ 
If n= 4, it is true that n is possibly even, but it is not true 
that n is possibly not even; if fis 5, it is true-thatonis 
possibly not even, but it is not true that n is possibly even. 
The both premises are never true together, and the formula cannot 
be refuted. 

If again by ‘the reader’ some reader is meant, then the pro- 
positions, ‘It is possible that some reader will see this at once’, 
and ‘It is possible that some reader will not see this at once’, 
may be both true, but in this case the consequent, ‘It is possible 
that some reader will see this at once and some reader will not 
see this at once’, is obviously also true. It is, of course, not 
the same reader who will possibly see this and possibly not see 
this at once. [ cannot find an example which would refute formula 
108; on the contrary, all seem to support its correctness. 

I am fully aware that other systems of modal logic are possible 
based on different concepts of necessity and possibility. I firmly 
believe that we shall never be able to decide which of them is true. 
Systems of logic are instruments of thought, and the more useful 
a logical system is, the more valuable it is. [I hope that the 
4-modal system expounded above will be a useful instrument, and 
deserves a further investigation and development. - 


APPENDIX 


Examples of 8-substitution and $ -definitions. 
(a) Proof-line of formula 16: 
fee GoG. pr. * Cl54a/p-Cl0q/p-16 


Write CpC’p instead of the 8’s filling up the gaps marked by 
the apostrophe with the arguments of 5. You get thus from 


C5 pC5Npdq 
the formula ' 


CCpCppCCpCNppCpCqp, 


from which there follows by two detachments CpCqp. 
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(b) Proof-line of formula 10: 
1550] 
Cancel simply the 8's in l. 
(c) Proof-line of formula 13: 
13 /C”. ,p/CpCNpNnq, q/p -. Cll-Ci 2s 
Perform first the substitutions for the propositional variables 


C5 CpCNpNqC&NCpCNpNq5p, 


and write instead of the 5’s their arguments a in form of (na: 


CCCpCNpNqCpCNpNgqCCNCpCNpNqNCpCNpNqCpp 
FF OFS OS 


which is Cl1-Cl2-13. 


(d) All 5-definitions have the form C5 P5Q, where P and Q 
are the definiens and the definiendum. P may be replaced every- 
where by Q. Take as an example the proof-line of formula 55: 


bares) Cpe C5255 


By replacing NCpNq by Kpq eeecrdsae to example (a) we get fron 
52 the formula 55. 


The numbers in brackets after a formula F refer to formulae 
to which F is applied. For instance, 3 is applied to 118. 


Axioms 


1 | CdpCENpdq ( WO, 11,135.19; 16,18; 195 22, 237325,27 29.008 
38, 44,48,50,60, 70) 


(2 | CpA p (74,75,78,90,94, 102) 
Se iC App (118) 


4 1Ap (115) 
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Definitions 


DivkKpq lc 5 
L CSNCpNqSKpq (55,56,57) 
DisApai* +6 
- CSCNpqSApq (66,67,68, 69,71) 
Di, Epq ** 7 
LC&SKCpqCqpSEpq (72,73) 
Dig laps .-8 
LCSNANpSIp (123,124,126,129,131, 132) 
Di Vip? 9 
-CSCAppdVp (163) 


Consequences of Axiom ] 


ie) e 10 
PCpCNpq (11,;12,14, 16,17, 28, 35,66, 139) 

1 8/CpCNp’,p/q,q/Nq * C10-11 
-LCCpCNpNqCpCNpNq (13) 

10 p/CpCNpNq,q/NCpCNpNq * Cl0q/Nq-12 
-CNCpCNpNqNCpCNpNq (13) 

1 8/C".,p/CpCNpNq,q/p * C11-C12-13 


PCppe0)4, 15,158, 19, 20,123, 32,347-495402,123, 130,100) 


10 p/Cpp * C13-14 
-CNCppq (15) 


1 5/C’Cpp,p/Cpp * Cl13p/Cpp-Cl4q/Cpp-15 


-CqCpp (16-237526.,130,.00, 41) 
1 8/CpC’p * Cl15q/p-C10q/p-16 


|CpCqp Clq 102 4G 26,4955, 99,6019 ol, Lo8) 
16 p/CqCNqr,q/CNqCqr * Cl0p/q,q/r-17 


-CCNqCqrCqCNqr (18) 


teo/ CO CarCgG: £4.p/:45.9/P° * C13p/CqCqr-Cl1l7-18 
-CCpCqrCqCpr (90127 33,04,55,01, 60, 100,134) 


120 /C_p * C13=)19 
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+CCNppCqp (20,21) 

18 p/CNpp,q/Cpp,r/p * C19q/Cpp-C13-20 
LCCNppp (24,28,36) 

16 p/CCNrrCpr,q/CpNr * Cl19p/r,q/p-21 
EGCpNrCCNrrCpr . (22) ; 

1 8/CCp'CC’ rCpr, p/r * Cl6p/Cpr,q/Cre-C2l 2 


ECCpqCCqrCpr- (33,36,50,,62,64,75,78,81, 85,806,008 
PORNO) 193,139,042) 


1 8/CCpNpC'Np * C13p/CpNp-C15q/CpNp, p/Np-23 
-CCpNpCqNp (25,34) 

16 p/CCNppp * C20-24 
-CqCCNppp (25) : 

1 8/CCpNpCCNpp’ * C24q/CpNp-C23q/CNpp-25 
LCCpNpCCNppq (27) 

16 p/CCppCSp5p,q/Cpp * C15q/Cpp, p/5p-26 


+ CCppCCppCipdp (27) 
1 §/CCp‘CC' pCd ps’ * C26-C25q/CdpSNp-27 
L CCpqCCqpCd pq (28,40,58,65) 
27 q/CNpp * Cl0q/p-C20-28 
LCSpSCNpp (29,45,47,49) 
28 8/C5'C3Nq5q,p/q * Clp/q-29 
L CSCNqqC5Nq3q (30) 


1 8/C8C'qCd'Sq,p/q,q/p * C15q/5Cqq,p/5q 
-C€29-30 


-CSCpqCipSq (31,77,130) 


30o/Cp. p/q,a/r * 31 
+ CCpCqrCCpqCpr (63,135) 

18 p/Cpq,q/p,r/q * Cl3p/Cpq-32 
-tCpCCpqq (103,155) 

18) p/Cpq,q/Cqr, 5/Cpr.* C22-33 
- CCqrCCpqCpr (37,143) 

18 p/CpNp,q/Cpp,r/Np * C23q/Cpp-C13-34 


+ CCpNpNp (54) 


18 q/Np,r/q * C10-35 
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35 


36 


37 


38 


39 


40 


41 


42 


48 


49 


50 
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LCNpCpq (36,52,80,90,99) 
22 p/NNp.q/CNpp,.r/p > C35p/Np, es C20-36 
-CNNpp (37,39,40,88,117) 
33 q/NNp,r/p,p/q * C36-37 
+ CCqNNpCqp (38) 
1 8/CCNpN‘C'p * C15q/CNpNp-C37q/Np-38 
L CCNpNqCqp (39,41,42,50,101,158) 
38 p/NNp,q/p * C36p/Np-39 
L CpNNp (40,87) 
27 p/NNp,q/p * C36-C39+40 
- CSNNpdp (41,42,43,76,83,128) 
40 8/CCNp’CNaqp,p/q * C38q/Nq-41 
+ CCNpqCNqp C1355 2n35 120) 
40 5/CC'NqCqNp * C38p/Np-42 
L CCpNqCqNp (54,121,125) 
40 &8/CC’qCNqNp * C41p/Np-43 
| CCpqCNqNp (74,85,86,96,137) 
Imo Gig. ane * 44 
- CCpqCCNpqCrq (46, 48) 
28 §/C5'Sp * C13p/Sp-45 
LCSCNppSp (46) 
45 &/CCpqCCNpq’,p/q * C44r/Nq-46 
-CCpqCCNpqq (92,140) 
Pen o/CCprcepre rr *-G15q/Cpr,p/Cpr-47 
+ CCprCCprCCNppr (48) 
1 8/CCprCC’rCCNp'r * C47-C44q/r,r/CNpNp 
- 48 
+ CCprCCqrCCNpqr (68,82) 
28 §/C8'CNSpSp * Cl6p/Sp,q/Nbp-49 
+ CSCNppCNSpdp (69) 
22 p/N5p,q/CNSNpNdq,r/CoqoNp * 
C18/N5‘'-C38p/5Np,q/5q-50 
-LCNSpCdqSNp (51,140) 
18 p/N5p,q/8q,r/5Np * C50-51 
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L CSqCNSp5Np (70) 

41 q/CpNq * C35q/Nq-52 
- CNCpNqp (55) 

41 p/q,q/CpNq * C16p/Nq,a/p-53 
- CNCpNqq (56) 

42 p/CpNp,q/p * C34-54 
-CpNCpNp_ (57) 

So /C p,*.G52-55 
Mtkeap 9(58762,104,144)) 

§ 9/C'q * C53-56 
ECKpqq (63,105,145) 

Seo Gp. a/p-* C54-57 
-CpKpp (58) 

27 q/Kpp * C57-C55q/p-58 
-CdpsKpp (59) 

16 p/CSpSKpp,q/5p * C58-59 
tCépCdpsKpp (60) 

1 §/C8pcs'sKp’ * C59-Clq/KpNp-60 
t CdpCdqsKpq (61,72,107,147) 

60 8/Cp',p/q,q/r * 61 
+ CCpqCCprCpKqr (106,146) 

22) p/Koaq,a/p * C55-62 
-CCprCKpqr (64) 

18 p/CKpqCqr,q/CKpqq,r/CKpqr * C3lp/Kpq 

-C56-63 
-tCCKpqCqrCKpqr (64) 

22 p/CpCar, q/CKpaqCar,r/CKpar. * (C62r/Car 

-C63-64 
-+CCpCqrCKpqr (65,108,148) 

64 p/Cpq,q/Cqp,r/CdpSq * C27-65 
LCKCpqCqpCSp$q (73) 

6 5/Cp’ * €10-66 
-CpApq (110,150) 

6 5/Cq’ * Cl16p/q,q/Np-67 
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Gt CqApq)) (117,151) 
6 8/CCprCCqrC’r * C48-68 
68 + CCprCCqrCApgr (112,152) 
6 §/CS5'CNEpdp,q/p * C49-69 
69 -CSAppCNSp$p (70) 
1 §/CSAp'CNSpS'* C69-C51q/ApNp-70 
70 -CSApqCNSpSq (71) 
6 8/CSApq’,p/Sp,q/8q * C70-71 
71 -CSApqASpSq (113,153) 
. do? 7. CCpqCeagp * C608/™, p/.Cpq, a/.Gqp-72 


a2 CCpqCCqpEpq (84,89,94,98,109, 114, 124, 127; 136, 
141,149,154) 


7 8/C'CSpSq * C65-73 
73 /-CEpqCipdq 


A-Formulae 

43 a/Ap, * C2=74 
74 [CNApNp (75,76,95) 

22 p/NAp,q/Np, r/ANp * C74-C2p/Np-75 
75 [-CNApANp (81) 

40 &/CNANp‘ * C74p/Np-76 
| 76 -CNANpp (129) 
RI oy ave ee Sy ir 
| 17 }CACpqCApAq (78,84,93,97) 
. 22 p/Cpq,q/ACpq,r/CApAq * C2p/Cpq-C7T-78 
78 [CCpqCApAq (79,80,85,87,88,91,95,96, 104,105, 
| Tio) 

78 p/q,q/Cpq * C16 p/q,q/p-79 
79 -CAqACpq (82) 

Teap/Np,a/ Cog’. C35-80 
80 }CANpACpq (81) 

22 p/NAp,q/ANp, r/ACpq * €75-C80-81 
81 [|CNApACpq (82) 

48 p/NAp, r/ACpq,q/4q * C81-C79-82 
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LCCNNApAqACpq (83) 

4.0 52 /CC’ AqhCpq,p/Ap * C82-83 
-CCApAqACpq (84) eee i 

72 p/ACpq,q/CApdq * C77-C83-84 


| EACp qCApAq 
22 p/Cpq,q/CAphq,r/CNAqNAp * C78-C43p/Ap, 
q/4q-85 

-LCCpqCNAqNdp (86,99) 


22 p/Cpq,q/CNqNp,r/CNANpNANq * C43-C85p/Nq, 
q/Np-86 
| CCpqCNANpNANq (131) 
78 q/NNp * C39-87 
|LCApANNp (89) 
78 p/NNp,q/p * C36-88 
- CANNpAp (89,115) 
TI p/Ap, ANF * C87-C88-89 


| EApANNp 
22 p/NAp, Vi A NONS * C35p/Ap,q/p 
-C2p/CApp-90 


-CNApACApp (92) 

78 q/CApp * C16 q/Ap-91l 
-CApACApp§ (92) 

46 p/Ap,q/ACApp * C91-C90-92 
L ACApp (93,96,163) 

77 p/Ap,q/p * C92-93 
| CAApAp (94) 

72 p/AAp,q/Ap * C93-C2p/Ap-94 
L EAApAp 

(78 p/NAp,q/Np * C74-95 
LCANApANp (98) 

78 p/CApp,q/CNpNAp * STATES ISNA C92-96 
LACNpNAp (97) | 

77 p/Np,q/NAp * C96- 97 
| CANpANAp (98) : 

72 p/ANAp,q/ANp * C95-C97-98 

143 


A SYSTEM OF MODAL LOGIC 


98 }/EANApANp 
22 p/Np,q/Cpq,r/CNAqNAp * C35-C85-99 
99 [LCNpCNAqNAp (100) — 
18 p/Np,q/NAq,r/NAp-* C99-100 
100 [-CNAqCNpNAp (101) 
22 p/NAq,q/CNpNAp,r/CApp * C100-C38q/Ap 
-101 
101 /-CNAqCApp (118) 
. 2p/Gpp ~Cls-102 
102 -ACpp (103) | 
32 p/ACpp * C102-103 
103 -CCACppqq (119) . 
78 p/Kpq,q/p * C55-104 
104 -CAKpqAp (106) 
78 p/Kpq* C56-105 
105 ;CAKpqAq (106) 
61 p/AKpq,q/Ap,r/dq * C104-C105- 106 
106 [|CAKpqKApAq (109) 
60 8/A' * 107 
107 [| CApCAqAKpq (108) 
. 64 p/Ap,q/Aq,r/AKpq * C107-108 
108 }|CKApAqAKpq (109) . 
72 p/AKpq,q/KApAq * C106-C108-109 
109 }-EA KpqKA pAgq 
| 78 q/Apq * C66-110 
110 ;CApAApq (112) 
a 78 p/q,q/Apq * C67-111 
111 +CAqgAApq (112) 
| 68 p/Ap,r/AApq,q/4q * C110-C111-112 
112 [-CAApAqAApq (114) 
| 71 5/A" * 113 
113. -CAApqAApAq (114) 
72 p/AApq,q/AApAq * C113-C112-114 
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|} EAApqAApdAgq, 
Se a 
| 88 * Cl15-4 
4 ANNp (116) 
115 * 116p/Np 
+ ANp (117) 
36 p/ANp * C117-116 
+ NNANp (157) | 
1015 a/NACpp -* .Clis=3 
+ NANACpp (119) 
103 q/NANACpp * C119-118 
+ CACppNANACpp (120) 
PES: *  -120p/Cpp 
+ CApNANAp (121,122) 
42 p/ANAp,q/Ap * C121-120 
+ CANApNAp | 
120 * 122p/Ap — 
4 CpNANp (156) 


l'-Formulae 


8 5/C8'SNANp * C13p/5NANp-123 
LCSTpSNANp (124,125,156,157) 

72 p/"'ip,q/NANp * C1238/'-C85/'-124 
- EI pNANp 

42 p/T'Np,q/ANNp * C1235/',p/Np-125 
Ff CA NNpNI” Np (127) 

41 p/ANNp,q/I'Np * C88/',p/Np-126 
-LCNI'NpANNp (127) 

72 p/ANNp,q/NINp * C125-C126-127 
-EANNpNI'Np) (128) 

40 8/EA‘NI'Np * C127-128 
LEApNI'Np 

8 8/C’p * C76-129 
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LCMpp (136,137,142) 
30-0 /l- _*-1r30 
LCrCpqClpl'q 
8 8/CCpqC’NANq * C86-131 
-LCCpqCl’pNANq (132) 
620 /CGpqClap 4 p/ ae" sCl31- 132 
-CCpqCIlpI'q (13:3; 138. 1397144,.145,150 152) 
22 p/q,q/Cpq,r/Clpl'q * Cl6p/q,q/p-C132 
-133 
tcqCrpr'q (134,135) 
18 qg/['q,r/Tp * C133q/p,p/q-134 
EC qCpltp C160) 
21° p/Ep,4q/l p,r/! lp. * Ci1334q/i>-Ci3p/lhp 
-135 
LcrpITp (136) 
72 p/I'Tp,q/lp * C129p/l'p-C135-136 
LEI Tplp 
43-p/)p,; a/p. * C129-137 
LCNpNp (138) 
132 p/Np,q/N p * C137-138 
-LC!'Npr'Np (141) 


22 p/I'p,q/CNI pNp,r/CIN pl Np * 
Cl0p/I'p,q/Np-C1l32p/NI p, q/Np-139 


FCP pcCrnrprNp (140) 
46 p/F'p,q/CI NU pl'Np * C139-C508/I',q/NIp 
-140 | 
-LCPN'prNp (141,142) 
72 p/T'N'p,q/I'Np * C140-C138-141 
LEI NI pr'Np 
22 p/IT'N'p,c/I'Np,r/Np * C140-C129p/Np-142 
-CrNI'pNp (143) . 
33 q/I' NI p,r/Np,p/NI p * C142-143 
-CCN'plr'N'pCNI'pNp (159) 
132° p/Kpq,q/p * C55-144 
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144. -CIKpql'p (146) 

132 p/Kpq * :C56-145 
145 -CrKpqdr'q (146) 

61 p/IKpq,q/f'p,r/I'q * C144-C145-146 
146 -CIKpqkFpl'q (149) 

AN A RO a YY 
147 -LChpCrqlKpq (148) 

64 -p/l'p.q/l'q,5/l Kpq: *-Cl41-148 
148 -CKplqlKpq (149) 

72 p/Kpq,q/KI'pl'q * C146-C148-149 
149 FEIKpqkl pq 

132 q/Apq * C66-150 

150 }CrprApq (152) Ais 

132 p/q,q/Apq * C67-151 
151. -Clql Apq- (152) 

69) p/p, r/lApa,a/!q * CirS0-CIS1-152 
152 -CArplqlApq (154) 

SEO) OR eG Be 
P53 -ClApqAlpl'q (154) 

72 p/GApaq,a/Al pl.q. *+G153-C152-154 
154 }EIApqAlpI"q 

32ep/Ch pip, as cpp nGlop/Ep= loo 
‘155 -CCCrprprcpprcpp (161) 


2 s s 


12365 / Col e* C)56-122 
156 4 Cplp (158,160) 

12375: Nee eC a5 Te 1g 
157 + Np 

38> p/if'p,4/p .*).Cl158-156 
158+ CNI'pNp (159) 
143 * C159-158 
159 4 CNTpI'Nfp 

134 q/Cpp * C160-156 
160-4 [Cpp (161) | 

155 * Cl161-160 ~-. 
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1614 CCrplprcpp (162) 
61> * _1624/p 
162 4 CCl'pl'qlCpq 
s = s 
9 3/A’ * C92-163 
163 - AVp 


NOTES 


1. The idea of assertion and its sign ‘}’ were introduced 
into logic by Frege in 1879, and afterwards accepted by the authors 
of the Principia Mathematica. In my previous papers [ always omitted 
this sign, but here I am bringing it in because, besides assertion, 
I introduce rejection. 

2. The idea of rejection was introduced into leeic by myself 


in 1951. See J. Lukasiewicz, Aristotle’s Syllogistic from the 
Standpoint of Modern Formal Logic, Oxford 1951, p. 109. I denote— 


rejection by an inverted sign of assertion following a suggestion 
of Ivo Thomas. 
3. For an explanation of the symbolism used in the deduction 


see my book on Aristotle’s Syllogistic, pp.81 and 96. 

4. I owe this matrix to C. A. Meredith. 

5. The only logician, so far as I know, who saw this Franca 
and tried to solve it, was I. M. Bochenski. His solution, however, 
is not correct, since the equivalence EI’ pNANp is not deducible 
from his axioms. See I. M. Bochenski, La logique de Theophraste, 
Collectanea Friburgensia, Fasc. 32, Fribourg en Suisse 1947, p.92 
pect. 3]. | 

6. An. pr., A 15, 34722: ef ris Gein ro pev A ras mpotdaes, To $e 
B 76 ovprépacpa, ovpPatvor dv od pdvov dvayKkatov rob A évros dua kai 76 B 
elva dvayxatov, dda Kat Suvarob Suvarev. 

7. See my book. on Aristotle’s Syllogistic, p. 20f. 

Beat ibid. 34.29: ScBeuxrar ore et tod A dovtos 76 B €or, xa Suvatod 
OvTos TOU Aé €oTaL TO B Suvarov. 

9. See A. Becker, Die Aristotelische Theorie der Moglich- 
keitsschliisse, Berlin 1933, p.42 note, and I.M. Bocheriski, Ancient 
Formal Logic, Studies in Logic and the Foundations of Mathematics, 
Amsterdam 1951], p-71. Both authors refer to the passage 3475 quoted 
in note'®, which rather supports the second interpretation. 
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10. Ibid. 34°5: mpdrov dé Aexréov Gri et tod A Gvros avdyxyn 70 B 


elvat, Kat Suvatod évros tod A Suvarov €ata Kai 70 B e€ avdyxns. 


11. See G. H. Von Wright, An Essay in Modal Logic, Studies 
in Logic and the Foundations of Mathematics, Amsterdam 1951, p.22/3. 

12. A short explanation of 5-substitution and 5-definition 
is given in the Appendix. For a detailed explanation see J. tuka- 
siewicz, On Variable Functors of Propositional Arguments, Pro- 
ceedings of the Royal Irish Academy, Vol. 54 A 2, Dublin 1951. 

13. See Von Wright, 1. c., p- 85. The symbolism and word- 
ing is mine. 

14. Formulae marked arth. numbers without the decimal point 
are given in the Appendix. 


15. See J. Lukasiewicz, Philosophische Bemerkungen zu mehrwer- 
tigen Systemen des Aussagenkalkuls, Comptes Rendus des seances de 
la Societe’ des Sciences et des Lettres de Varsovie, Vol. 23, Cissy 
1930, pp. 65 ff. and 72. 

16. See l.c. p. 84/5. 

17. In an essay on Aristotle’s Modal Logic, which will be 
published elsewhere, I am expounding at length the Aristotelian 
opinions on this subject. 

18. See 1. c. p. 14/5.° 


19. See C. I. Lewis and C. H. Langford, Symbolic Logic, New 
York and London (1932), p. 167. 
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ON COMPLETENESS OF DECISION ELEMENT SETS 


NORMAN M. MARTIN 


In ‘The Foundations of Computing Machinery’, Goodell' indicated 
a partial test for completeness of a set of decision elements of 
radix 2 and order 2. It should be noted that this partial test 
gives a necessary but not a sufficient condition. It is possible 
to give a necessary and sufficient condition by reference to results 
obtained independently by Wernick* and by Post?. This criterion 


' can be expressed as follows: let us consider 4 sets of decision 
elements. We shall call them standard sets: 


| 


Standard Set I: All decision elements of radix 2 and order 2 which 
have output ] if both inputs are l. 


Standerd Set II: All decision elements of radix 2, order 2, which 
have output 0 if both inputs are 0. 


Standard Set III: All decision elements of radix 2, order 2, which 
have output ] in 0, 2 or 4 of the possible states. 


Standard Set IV: The trivial d.e.’s i 
Bes Gi 
the clock d.e. Va 
and 
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ON COMPLETENESS OF DECISION ELEMENT SETS 


Theorem: A set of decision elements is complete if and only if 
it is not a subset of a standard set. 


To show necessity one can easily show by induction that ‘N’ 
is not realizable in terms of decision elements of I exclusively 
or in terms of decision elements of II exclusively. To show neces- 
sity for III, we consider a minimal formula A in Polish notation 
which expresses the synthesis of a decision element not in III. 
If the first sign of A expresses G or B, one of the arguments must 
express a decision element not in III and A is not minimal. If 
the first sign of A expresses 


the formula resulting from the substitution of its negation for 
it will also express a decision element not in III, reducing to 
the previous case. Since F and V give the same output regard- 
less of input, they could not be the first sign of A. Since the 


table for R = corresponds to addition modulo 2, 


it could not be the first sign of A unless A were not minimal. 
Since Epgq = RNpq, this case reduces to the last. As to IV, by 
a similar proof, we see that none of the trivial decision elements 
could be the first sign of a minimal formula expressing a deci- 
sion element not in IV and the properties of 


also clearly show that they could not be the first sign of such 
a minimal formula (the relevant properties are Kpl = p, Kp0 = 0, 
Kpq = Kqp, Apl = 1, ApO = p, Apq = Aqp).. The sufficiency can be 
shown by showing that N and A or N and K, both known to be complete 
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sets, can be synthesized by all other combinations (see Table I). 
It is to be noted that whereas only G and B are trivially realiz- 
able in the theory of truth functions, in computer logic F and V 
are also, the first by disconnection and the second by connection 
to the clock pulse. Accordingly: 


ee 


operate as universal elements in practice despite the fact that 
they are not so in the theory of truth functions‘. 


NOTES 


1. John D. Goodell, ‘The Foundations of Computing Machinery’, 
Journal of Computing Systems, Vol.1, No. 1 (June, 1952), pp. 5-6-— 

2. William L. Wernick, ‘Complete Sets of Logical Functions’, 
Transactions Am. Math. Soc., Vol. 51 (1941) pp. 117-132. 


3. Emil L. Post, The Two-Valued Iterative Systems of Math- 
ematical Logic (Princeton: Princeton University Press, 1941). 
(Annals of Mathematics Studies, No. 5) pp. 105-118. | 

4. We assume that K,N and A,N are complete. Proof of this 
is contained in Tenny Lode, ‘The Realization of a Universal De- 
cision Element’, Journal of Computing Systems, Vol.l, No. 1 (June, 
1952) pp- 21-22, when combined with the result that NSpq = Apq, 
NDpq = Kpq and NNp = p. See Goodell, ‘The Logic of Decision Elements’, 
Advance Release, (St. Paul, Minnesota Electronics Corp.), 1953, p.7- 
For explanation of the symbols used, see the last paper mentioned 
and Lode, op. cit. It should be noted that where the clock pulse 
is not available or where 0 is represented by a negative pulse, 
our theorem gives other results than indicated in Table 1. The 
theorem, of course, remains true. Cf. Goodell, ‘Foundations of 
Comput ing Machinery, Part [I’ ON of Pen Systems, Vol.1, 
No. 2, (1953), p-88. 
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TABLE I 


Minimal complete sets of Decision Elements: 


Circuit symbols synthesis of N synthesis of K synthesis of A 
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{ Circuit Symbols . 


aman 


synthesis of N 


Bea 


As in 7. 


As in 8 


Given 


As in 5 


As in 5 


synthesis of K 


ELEMENT SETS 


synthesis of A 


As in 3. 
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SINGLE AXIOMS FOR THE SYSTEMS (C,N), (C,0) AND (A,N) 
OF THE TWO-VALUED PROPOSITIONAL CALCULUS 


CAREW A. MEREDITH 


l. 


The axioms I develop are:- _ 


I CCCCCpqCNrNsrtCCtpCsp 
II CCCCCpqCrOstCCtpCrp 
III CCCpqArAstCCspArAtp 


where, in (III), ‘C’ is an abbreviation for ‘AN’. 


In all three the binary functor occurs nine times, and only 
one variable occurs three times. (I) and (II) have a common G 
structure; (I) and (III) have a common multiplicity of the vari- 
ables, viz., three ‘p’s, one ‘q’ and two each of ‘r’, ‘s’ and ‘t’. 
Previous axioms for (C,N) and (C,0O), only two letters longer 
than the ones given here, have been given by tukasiewicz,' viz.: 


(i) CCCpqCCCNrNstrCuCCrpCsp 
(12) CCCpqCCNrsCNttCCtpCuCrp 
(iii) CCCpqCCCrOstCuCCtpCrp 
(iv) CCCpqCOOrCstCuCCt pCsp 


I know of no previously given axiom, of reasonable length, 


for the third system. 
I shall state, without proof, another (C,O) and two other 
(A,N) axioms. I have found no other 2l-letter (C,N) axiom. 


IV CCCpqCCOrsCCspCtCup 
VY  CCCpqArAstCCtsArAps 
VI CCCpqArAstCCrpAtAsp. 


(IV) has a development very similar to that of OOpqrOCr pCsp, 
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the tukasiewicz implicational axiom’, and, like it, has only two 


letters occurring more than once. The deduction remains intact 


if, for 0, we substitute a suitable function of any or all of the 


| variables, excluding ‘q’; and we may thus obtain a variety of 23- 


letter (C,N) axioms. 

_ (V) and (VI) have developments very similar to that of (III), 
but heavier. They have all, in effect, a period of 3; applying 
any one to an expression Q, and obtaining in succession Q,, Q,, 
Q,, Q,, Q, is identical with Q|. In a similar sense (IID) and 
(y) — Bach the square of pies other. 

I have almost completed a proof that no eirele axiom of (C,0) 
can contain less than 19 letters; and I think this should, with 
modifications, be convertible into a similar proof for (C,N) with 
21 letters. A single (A,N) axiom must contain at least five ‘N’s 
every thesis of four ‘N’s or less satisfying one or other of the 
matrices: 


in each case ‘]’ being the designated value. But there are at 
least ten Fregoid two-axiom bases, e.g.: 


VII CpApq, CApAqrOCgpArp — 
consisting of a one-N and a three-N axiom. 
I use the following standard bases: 


For (C,N), Bukasiewicz: 


CCpqCCqrCpr 
CpCNpq 
CCNppp 


For (C,O), Tarski-Bernays: 


CCpqCCqrCpr 
CpCqp 
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CCCpqpp 
COp 
For (A,N), Whitehead and Russell: 


CCqrCApqApr 
CApqAqp 
CpAqp 
CAppp 


My indebtedness to Professor -ukasiewicz for the general form 
of these axioms will be very evident. 


2. 


1  CCCCCpqCNrNsrtCCtpCsp 

1 p/Cpq, q/CNCNtNrNs, r/t, s/r, t/CCtpCsp x Cl r/CNtNr - 2 
2 .CCCCtpCspCpqCrCpq ; 

1 p/t, q/Np, r/CNpq, s/p, t/CrCNpq x C2 p/Np, s/NCNpq - 3 
a. COCrCNpatCot 

Pep/icjet/ Dyy t/Cpp x-C3 1/Crq,2 q/Ne. 0 t/piee€ 


4  CCCpprCsr 
4 p/Cpp, r/CsCpp, s/q x C4 r/Cpp - 5 


5 CqCsCpp 
eerlop/r, s/q,,t/CsCop x C5 q/COCraCNrNar— 6 
6 CCCsCpprCqr : 
ies/r,.t/Cqr x C6.s/Cpq, p/Nr =. 7 
_t  CCCqrpCrp 
7 q/CCCpqCNrNsr, r/t, p/CCtpCsp x Cl - 8 
8  CtCCtpCsp 
8 t/CCCrCNpqtCpt, p/u x C3 - 9 
9 _ CCCCCrCNpqtCptuCsu : 
1 p/CrCNNpq, q/Nt, r/p, s/t, t/Csp x C9 p/Np, t/Nt,u/p- 10 
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10 CCCspCrCNNpqCtCrCNNpq 
10 s/CCCqqCNrNNNpr, r/Cpq, t/l x Cl p/q, s/NNp, t/p - 
Cle= 1 

11 CCpqCNNpq | 
7 p/CCCqrpCsp x C8 t/Cqr - 12 


12. CrCCCqrpCsp 
1 t/CCCtCCCpqCNrNsruCvu x C12 r/CCCpqCNrNsr, q/t, 
p/u, s/v - 13 
13. =CCCCCtCCCpqCNrNsruCvupCsp 
1 p/CtCCCpqCNrNsr, q/Nu, r/p, s/u, t/Csp x C13 u/Nu, 
v/Np - 14 
14 CCCspCtCCCpqCNrNsrCuCtCCCpqCNrNsr 
14 °¢/CCspr, -w/1 x:'C8 t/Csp, p/r, s/CCpqCNrNs =-"C] - 15 


130 CCCs prCCCpqCNrNsr . ; om 
ioer, CoctCsprCur x Cl2 r/Csp,; g/t, :p/t, S/0-- 16 


16 CCCpqCNCCCtCsprCurNsCCCtCsprCur 


1 r/CNCCCtCsCpqrCurNs, s/v, t/CCCtCsCpqrCur x C16 p/Cpaq, 
q/CNCNCCCtCsCpqrCurNsNv - 17 


17 =CCCCCtCsCpqrCurpCvp 
lp/CtCsCpq, q/Nr, r/p, s/r, t/Cvp x C17 ore NE - 18 


‘18 = CCCvpCtCsCpqCrCtCsCpq 
18 v/CCCCpqqCNrNsr, t/CpCpq, r/l x Clp/Cpq, t/p - Cl - 19 


19 CCpCpqCsCpq 
19 p/CpCpq, q/Cpq, s/1 x C19 s/CpCpq - Cl - 20 


20 CCpCpqCpq 
3 r/Np, t/CNpq x C20 p/Np - 21. 


*21 CpCNpq 
8 t/CCpqCNNpq, p/r x Cll - 22 
22 CCCCpqCNNpqrCsr 


20 p/CCCpqCNNpqr, q/r x C22 s/CCCpqCNNpqr - 23 
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CCCCpqCNNpqrr 

1 q/Ns, r/Np, t/Np x C23 q/Ns, r/Np - 24 
CCNppCsp 

20 p/CNpp, q/p x C24 s/CNpp - 25 

CCNppp 

Aap) reer CNNrr x Chi p/r,. 4q/r - 226 


CsCNNrr 
Bacy CsChNrr, 3/q x C26e=" 27 


CCCsCNNrr pCqp 
20 p/CCsCNNrrp, q/p x C27 q/CCsCNNrrp - 28 


CCCsCNNrrpp = 
11 p/CCsCNNerp, q/p x C28 - 29 


CNNCCsCNNr rpp 

12 r/CNNCCsCNNrrpp, p/t, s/u x C29 = 30 

CCCqCNNCCsCNNrr pptCut 

1 p/q, r/NCCsCNNrrNp, s/p, t/CuNCCsCNNrrNp x C30 q/Cqq, 
p/Np, t/NCCsCNNrrNp - 31 

CCCuNCCsCNNr rNpqCpq 

31 u/CsCNNrr, q/NCCsCNNrrNp x C28 p/NCCsCNNrrNp - 32 


CpNCCsCNNrrNp 
12 r/CpNCCsCNNrrNp, p/t, s/u x C32 - 33 


CCCqCpNCCsCNNrrNptCut 

20 p/CCqCpNCCsCNNrrNpt, q/t x C33 u/CCqCpNCCsCNNrrNpt - 34 
CCCqCpNCCsCNNrrNptt 

1 p/q, r/p, s/CCsCNNrrNNp, t/p x C34 q/Cqq, p/Np, t/p - 35 


CCpqCCCsCNNrrNNpq 
35 p/Cpq, q/CCCsCNNrrNNpgq, tis r/u x C35 0n36 
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CCCt CNNuuNNCp qCCCs CNNr rNNpq 
1 p/t, r/NNCpq, s/Cpq, t/CCCsCNNrrNNpq x C36 t/Ctq, 


u/NCpq - 37 


CCCCCsCNNrrNNpqtCCpqt 


37 s/Crq, r/Np, t/CCqrCpr x Cl p/r, r/NNp, s/p, t/q - 38 


CCpqCCqrCpr 


CCCCCpqCrOstCCt pCrp 


1ep/Cpq, q/Cr0;-r/s, s/t, 


CCCCt pCr pCpqCsCpq 


Sie 


t/CCtpCrp x Cl s/CsO - 2° 


1 p/t, q/O, s/COq, t/CsCOq x C2 p/O - 3 


CCCsQOqtCrt 


3 s/CCCpqCrOs, t/CCCOqpCrp, r/l x Cl t/q - Cl - 4 


CCCOqpCrp 


Z t/O, r/q, q/Cqp, “pl x C4 q/P, p/Cap, r/p - Ti -5 


CpCqp 


1 t/CtCCCpqCrOs x C5 p/CCCpqCrOs, q/t - 6 


CCCtCCCpqCrOspCrp 


1 p/s, r/CCpqCrO, s/p, t/Crp x C6 t/Csq, s/0- 7 


CCCrpsCCCpqCr0s 


Tac /COCeqCrOs) pst, s/CCtpCrp, q/n x Cl - 8 


CCCt uCCCCpqCrOsOCCt pCrp 


7 r/Ctu, p/CCCCpqCrOs0O, Viens q/v x C8 - 9 


CCCCCOCpqCrOsOvCCt uOCCt pCrp 


7 r/CCCCCpqCrOsOv, p/CCtu0, s/CCtpCrp, q/w x C9 - 10 


CCCCCt u0wCCCCCCp qCrOsOvOCCt pCrp 
1 p/Ctu, q/O, r/w, s/CCCCCCpqCrOsOvO, t/CCtpCrp x 


C10 w/CwO - 11 
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11 CCCCtpCrpCtuCwCtu 
List/Ccp, p/Cep; xr/t,-u/CtCre,. w/1l -x Cii-u/Cra,; 
w/Clp 1G) = 912 

ee) GotpCtCrp 
12 t/CCtuCCCCpqCrOsO, p/CCtpCrp, r/v x C8 - 13 


13. CCCtuCCCCpqCrOsOCvCCt pCrp 
1ep/.S,-00/ U S/ CCOcpqCrOs0O,, t/CvCCCsqptCrp x1Cis 
t/Csg, u/Cu0 --14 


14 SEE org aed sales 
7 r/CvCCCsqpCrp, p/s, ZaTe q/w x C14 - 15 
15 CCCswCCvCCCsqpCr pOCus 
W107 ese. p/CCvCCCsqpCrp0;, s/Cus; q/y x Cl5i= 16a. 


: 16 CCCCCvCCCsqpCrpOyCCswO0Cus 
) 1 p/CvCCCsqpCrp, q/O, r/w, s/CCswO, t/Cus x Cl6 y/CwO - 17 


17 CCCusCvCCCs gpCr pCwCvCCCsqpCrp 
17 u/ CCCCrpgCCGsqp0s, ‘v/CsCrp, w/i-x Cl p/Crp, x/COsqnp; 
t/so-aChs-— 18 


18 CCsCrpCCCsqpCrp 
teis/p 0 C5. g/r==<19 


19 CCCpqpCrp 
les/Cpq, t/CsCoq x G19. p/Cpq, g/CrO, 1/3 -2 720 


- 20 CCCsCpqpCrp 
iup/se0"/py 8/p, t/Crp *_C20 s/Csq,, g/0--a21 


2.) COGrpsCps 
2ier/CCGpqCrOs,, p/t,.-s/CCtpCrp x Cie. 22 


22 CtCCtpCrp 
18.2s/t,-s/Ctp. p/Crp_ x (222-223 


23. =CCCtqCrpCCtpCrp 
23 p/Ctq x C5 p/Ctq, q/r - 24 
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24 CCtCtqCrCtq 
Hie r/Ctp.. 0/Cctpp,-w/1_x C24. t/Ctp, q/p, -r/t. - Cle-525 


Zoe CtCCtpp 
: 2ius/ COcepqq x C25<t/Crp, ‘p/q -226 
| 26 CpCCCrpqq 
23 t/p, q/s, r/CCrCpsq, p/q x C26 p/Cps - 27 


27 CCpqCCCrCpsqq 
27 p/Cpq, q/OCCrCpsqq, r/t, s/u x C27 - 28 


| 28 CCCtCCpquCCCrCpsqqCCCrCpsqq S 
i 1 p/t, r/Cpq, s/CCCrCpsqq, t/COCrCpsqq x C28 t/Ctq, u/0 - 29 


: Xe CCCCCrCpsqqtCCpqt 
20e0/ Grayms/0;6t/ CCqrUpr- x. Cl-p/r, “r/p, ¢S/4q;, ¢/qi= 730 


*30 CCpqCCqrCpr 
24 t/CCpqp, q/p, r/l x Ci9 r/CCpap - Cl - 31 


31 p/COp x C4 q/p, p/q, r/0 soe 
*32 - Cp | 


/ 


: 
: 
*31  COCpqpp 
| 
| 
: 


1 CCCpgArAstCCspArAtp 
1 p/Cpq, q/ArAst, r/NCsp, s/r, t/Atp x Cl-2 


i) 


CCrCpqCCspAAtpCpq 
1 p/r, q/Cpq, r/NCsp, s/Atp, t/Cpq x C2-3 


3. CCAtprCCspACpqr 
1 p/Atp,q/r, r/NCsp, s/Cpq, t/r x C3-4 


4 CCCpqAtpCCspArAtp 
4 q/Aqp, t/q, r/Np x 5 


162 


SINGLE AXIOMS OF THE TWO-VALUED PROPOSITIONAL CALCULUS 


3 CCCpAqpAqpCCspCpAqp 
4 p/CpAqp, q/Aqp, t/NCsp, s/t x C5-6 


6 CCtCpAqpArCCspCpAqp 
4 p/CCspCpAqp, q/CpAqp, t/r, s/CCpAqpAqp, r/t x C6 
t/CCspCpAqp - C5-7 

7  AtArCCspCpAqp 
7 t/Nl, r/Nl x Cl-Cl-8 


8  CCspCpAqp irae | 
4 p/Aqp, q/P; t/Np x C8 s/Aqp -9 


9 CCsAgpArCpAqp 
4 p/CpAqp, q/Aqp, t/r, s/Csp, r/t x C9 s/CpAqp -C8-10 


10 AtArCpAgqp 
VOec7 Ni S/N x Cl-Cl=11 


*11  CpAqp 


4 p/ACpqp, q/p, t/NCsp, s/t x C3 t/Cpq, r/p -12 


12 CCtACpqpArCCspACpqp 
12 ¢/p, r/N1 x Cll q/Gpq -Cl=13 


13. _CCspACpqp 
4 q/p, t/Cpq x C13 s/p -14 


14 


15 


16 


17 


CCspArACpqp 


1 p/s, q/P, s/Cpq, t/p x C14-15 


CCCpqsArAps 


1 p/Cpq, q/s, s/p, t/s-x C15-16 


CCpCpqArAsCpq 


16 q/p, r/Nl x Cll q/Np -Cl-17 


AsCpp 
17 s/Nl x Cl-18 
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2S Cpp as 
1 r/NApq, s/p, t/q x C17 s/NCpq, p/Apq -C18-19 


*19 CApqAqp 
11 p/CApqAqp, q/r x C19-20 


20 ArCApqAqp 
1 p/r, r/NApq, s/q, t/p x C20 r/NCrq -21 


*21 CCqrCApgApr 3 
1iq/r,-t/NApp,-s/p, t/r x C21 g/p: -Cl18-22 


22  CAppArp =. . 
16 p/App, q/p, r/Nl, s/Nl x C22 r/NApp -C1-C1-23 


“23 CAppp 


NOTES . . 


1) (i) and (iv)-were published, without proofs, in 1936 
and 1933 respectively. The other two were never published. 

2) For proof, see J. #ukasiewicz, The Shortest Axiom of the 
Implicational Calculus of Propositions, Proceedings of the Royal 
Irish Academy, Vol. 52, A 3 (1948). 


TRINITY COLLEGE - 
DUBLIN, IRELAND. 
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A FORMALIZATION OF SOBOCINSKI’S THREE- VALUED IMPLICATIONAL 
PROPOSITIONAL CALCULUS 


ALAN ROSE 


Sobocinski has recently formalized’ a three-valued propositional 
calculus with two designated truth-values. The primitive functors, 
C and N, have the truth-tables given below, 1 and 2 being the de- 
signated truth-values. 


He uses the axioms: 


1 CCpqCCqrCpr 
2 CpCCpqq 

3 CCpCpqCpq 

4 CpCqCNqp 

5 CCNpNqCqp 


together with the rules of substitution and modus ponens. 

He raises’ the question whether the corresponding system with 
C as its only primitive can be formalized, and if so, what is its 
degree of completeness. It has been shown’ that if such a weakly 
complete formalization exists and it uses the above rules of pro- 
cedure and no others, then its degree of completeness is 3. In 
the present paper we shall consider a formalization of the system. 
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We shall use the axioms 


Al CCpqCCqrCpr 

A2 CpCCpqq 

A3 OCpCpqCpq 

A4 CCCpCqCCqCrrpCrrCrr 

AS = CCCCCpCrrCqCrrCqpCrrCrr 

A6 9 CCCpCrrCrrCCCCpqCrrCrrCCqCrrCrr 


together with three rules of procedure. These are the rules of 
substitution and modus ponens, and the rule ‘If no propositional 
variable occurs in both the formulae P, Q and CCPCQQCQQ is a 


theorem, then P is a theorem.’ 
Theorem ] ‘The formalization is weakly complete. 


We define the class of a formula of the original system as 
follows: 


(i) If the propositional variable p does not occur in the 
formula P then CCpCPPCPP is of class p. . 
(i1) If CCRCOQQKQ is of class P then COCREQQCIOCIQ is of 
class NP. 
(iii) If CCRCITCIT, CCSCTTCTT are of classes P, Q re- 
spectively then CCCRSCTTCIT is of class CPQ. 


Lemma: If P is provable in the original system and P* is of 
class P, then P* is provable in the present system. 


Let us suppose that P is provable in the original system by 
n applications of the rules of procedure. We shall prove the lemma 
by strong induction on n. ~ 

If n = O then P is one of the original axioms. If it is one 
of the first three, then P* is of the form CCPOQQQQQQ. But since 
the first three axioms are unchanged in the present system, P is ~ 
provable. Applying the substitution rule to A2, we deduce 
— CPCCPCQQCQQ. Applying modus ponens to the last two formulae 
_- we deduce CCPCQQOQQ, i-e., P*. If P is one of the last two 
original axioms, then either P* is A4 or AS or P* can be deduced 
from one of these axioms by substituting for r by the substitution 
rule. Thus, the lemma holds when n = OQ. 

We now assume the lemma for 0, 1, ..., n and prove it for 
n+]. If the (n + 1)"™ stage in the deduction of P is the sub- 
stitution of a formula R for a prepositional variable p occurring 
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in a formula Q, then Q is provable after n applications of the 
rules. It follows from our induction hypothesis that if Q* is 
of class Q, then Q* is provable in the present system. Thus, we 
can prove a formula of the form OCSCqqCqq of class Q, where p,q 
are distinct propositional variables and q does not occur in P. 
Substituting R for p in CCSCqqCqq we deduce a formula OCTCqqCqq 
of class P. Thus, if. P* is CCUCVVCVV we can deduce P* by sub- 
stituting V for q in CCICqqCqq. 

If the (n + 1)™ stage in the deduction of P in the original 
system is the application of modus ponens to formulae Q, CQP 
then Q, CQP are provable in the original system after not more 
than n applications of the rules. Hence, by our induction hypo- 
thesis, all formulae of classes Q, OP are provable in the present 
system. Let p be a propositional variable which does not occur 
in P or in Q, and let CCRCppCpp, CCSCppCpp be of classes P, Q 
respectively. Then CCCSRCppCpp is of class CQP. Applying the 
substitution rule to A6 we deduce COCSppCppOOOcsl*CppCppOd ppt p. 
Since the formulae CCSCppCpp, CCCSRCppCpp are provable we ob- 
tain COppCpp after two applications of modus ponens, Then either 
this formula is P* or P* can be deduced by substituting for p in 
this formula by the substitution rule. Thus, the lemma is proved. 

Proof of the main theorem. If the only functor occurring 
in P is C, then P* is of the form CCPCQQCQQ where no proposi- 
tional variable occurs in both P and Q. But if the truth-value 
of P is always designated, P is provable in the original system. 
It follows from the lemma that P* is provable in the present system. 
Applying the third rule of procedure we deduce P. 


Theorem 2. The formalization is strongly complete. 


Let us suppose that we adjoin to the axioms the unprovable 
formula P. If P is not an identically true formula of the 2-valued 
propositional calculus, let us denote P by $(p,, Pps core p,) and 
let us suppose that P takes the truth-value 3 when Pics Posse Pe 

1 3 


take the truth-value ] and P, ; 


P, » soe, Pp, take the truth- 
3+1 s+2 " 


value 3. Let us substitute Cpp for P, > P 
' 


substitute p for P, » P, » e+e, P, - Let us denote the re-. 
A s+1 J +2 " 


sulting formula by ¥(p). Then ¥(p) becomes provable in the formal- 
ization and takes the same truth-value as p. It follows from the 
weak completeness that CW(p)p is provable. Applying modus ponens 
to this ¥(p) we deduce p. Any formula can then be deduced by 
applying the substitution rule to p. 


ey io scan and let us 
J 
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If P is an identically true formula of the 2-valued pro- 
positional calculus, but not of the present system, it follows 
from a theorem of the author’ that every identically true formula 
of the 2-valued propositional calculus becomes provable. Thus, 

-all formulae of the form CCQCRRCRR become provable. In order 
to prove any formula Q let us choose R so that no propositional 
variable occurs in both Q and R. Applying the third rule of 
procedure we deduce Q. Thus, the theorem is proved. 


NOTES 


1) Bolestaw Sobocinski: Axiomatization of a Partial System 
of Three-Value Calculus of Propositions. The Journal of Computing 
Systems, Vol. 1, 1952. 

COP. Cit. 

3) Alan Rose: Le degre de saturation du calcul propositionnel 
implicatif a trois valeurs de Sobocifski. Comptes-rendus de 
l’Académie des Sciences, Paris. Vol. 235, 1952. 

4) Op. cit. 
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A SINGLE AXIOM OF POSITIVE LOGIC 
CAREW.A. MEREDITH 


I deduce the tukasiewicz base 
CpCqp 
CCpCqrCCpqCpr 


from the axiom 


CCCpqrCsCCqCrtCqt 


I do not know if this is the shortest axiom of the system. 
The occurrence of two letters of simplification, ‘s’ and, in an 
extended sense, ‘p’, seems to indicate superfluity; and the de- 
duction is very easy. On the other hand, the tukasiewicz axiom 
of the two-valued implicational calculus contains two singly occur- 
ring variables. 


1. CCCpqrCsCCqCrtCqt 
1 p/Cpq, q/r, r/CsCCqCrtCqt, s/p, t/u x Cl-? 


2. CpCCrCCsCCqgCrtCqtuCru 
Dee D/lexeCl=3 


3. CCrOCsCCqCrtCqtuCru 
3 r/CqCrt, s/r, g/s, t/Cqt, u/CrCsCgt x C2 p/fCrt, u/CsCt -4 


4. CCqgCrtCrCsCqt 
1 p/q, q/Crt, r/CrCsCqt, s/p, t/u x C4-5 


9- CpCCCrtCCrCsCqtuCCrtu 
3. 4©/s, s/Grt, q/r, t/Cqt, u/OCrtCrCat x'C5 p/s, u/CrGjteg 


GO-macsCortCrCqt 
6 s/l'x Cl-7 


7. OCrtCrCqt | 
1 p/r, q/t, r/CrCqt, t/p x C7-8 
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8. CsCCtOCrCqtpCtp 
Suef a. 1S; Gy G/e, 0/CtCrt x-GS-s/q, p/Crt 7-9 


9. CqCtCrt — 
9 q/l, t/p, r/q x Cl-10 


*10. CpCqp 
3. r/CCpqr, u/CCqCrtCqt x Cl s/CsCCqCCCpqrtCqt -1l 


ll. COCpqrQqCrtCqt 
iver CLCsts ot/p: x. C9" q/Cog, *r/s 2-12 


12. CCqOCtCstpCap 
12 q/CCtCstCCtCstp x C12 q/CtCst -13 


133— CCCtCstCCtCstpp 
ie py CtCst,; q/CCtCstp, r/p, t/q x-Cl3-14 


14. CCCCtCstpCpqCCCtCstpq 
10 p/CCCpqrCCqCrtCqt, g/s x Cll1-15 


15. —CsCCOpqrCCqCrtCqt 


11 p/CCtCstp, q/Cpq, r/OCCtCstpq, t/OCpCqrCpr x C14- C15 s/Cpq, 
p/CtCst, q/p, r/q, t/r -16 


16. CCpqCCpCqrCpr 
4 q/Cpq, r/CpCqr, t/Cpr x Cl6-17 


17. CCpCqrCsCCpqCpr 
12 q/CpCqr, p/CCpqCpr x C17 s/CtCst -18 


*18. CCpCqrOCpqCpr 
It is, perhaps, worth noting that (16), instead of (18), with 


(5) gives a sufficient two-axiom base. 
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NOTE ON A MODAL SYSTEM OF FEYS-VON WRIGHT 


BOLESLAW SOBOCINSKI 


In this note I intend to show that the System T proposed by 
R. Feys' in 1937 and the System M recently published by G. H. von 
Wright? are inferentially equivalent, and, moreover, that in this 
system (T or M) there are infinitely many modalities. Some other 
considerations are given toward the end. 

Following R. Feys*, [I shall use here a modification of 
Lukasiewicz’s symbolism of propositional calculus in which ‘C'‘, 
‘kK’, ‘A’, ‘E’, ‘N’ possess the ordinary meaning, and ‘L’ means 
‘necessity’, and ‘M’ ‘possibility’. A familiarity with this sym- 
bolism, with the bi-value propositional calculus and with the Lewis’s 
modal calculi is presupposed. 

As abbreviations I shall use the following symbol: ‘{A;B;...}< 
{P;Q;R;.-.}’ which will denote that a set of postulates A;BiJ... 
is inferentially equivalent to a set of P;Q;R; ... Similar- 
ly: ‘{A;B; ... }—»{P;Q;R; ..}’ will denote that from a set of 
postulates A;B; ... we can deduce the theses P;Q;R; ... Where 
it cannot involve a misunderstanding J shall use also the similar 
symbolism for the names of the systems, e.g.: {S3}—»{S2}. 

1. We shall consider some sets of postulates taken from the 
class of the following assumptions; 


I. A complete axiomatic of the bi-value propositional caleulus 
with the suitable rules of procedure. 


But these rules are adjusted either: 
I.a. To the functor L and the definition: 
Def. I Mp= NLNp 

or ; 


I.b. To the functor M and the definition: 
Def. II Lp = NMNp 


II. Two special rules of procedure; ; 
Rule J. If an expression @ is a thesis of a considerated 
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4 system, then also La. is a thesis of this system. 


Rule II. If an expression Eaf is a thesis of a considerated 
# system, then also EM@2Mf is a thesis of this system. 


III. The following modal theses: 


Gl CLpp Wl CpMp 

G2 CLCpqCLpLq W2 EMApqAMpMq 
G3 CLpLLp W3  CMMpMp 

G4 CNLpLNLp W4 CMNMpNMp 


1.1 In 1933 K. Godel has observed‘ that: 


.1 A set of postulates {I.a; RI; Gl; G2; G3}2-={S4}. 
-2 A-set of postulates {I.a; RI; Gl; G2; Ga}2~{S5}. 


1.2 In the now published book G. H. von Wright gives the 
axioms of his modal systems M, M’, M’®: 


1.2.1 For the systemM: {I.b; RI; RII; Wl; W2}. He also 
has proved that: {M}—*{S2} and that the System M does not contain S3. 


1.2.2 For the System M’: {I.b; RI; RII; Wl; W2; W3}. He 
also has proved that: {M’} =={S4}. 


1.2.3 For the System M”: {I.b; RI; RII; Wl; W2; Wa}. He 
also has proved that: {M”}=-={S5}. 


id In:1937 R. Feys proposed® a system of modal logic called 
T: {I.a; RI; Gl; G2}, supposing without a proof that this ou 
possesses the infinitely many modalities. 


_ As far as I know, little attention was paid to this proposal, 
and a place for the System T is not yet established in the field 
of Lewis’s calculi. Only W. T. Parry has shown’ that: If a thesis 

GS CLCpqLCLpLq 
is provable in this system, then {T}27{S4}. If GS is not provable, 
then this system neither includes nor is included in S3. Also, 
due to Parry, we know that the addition of the rule RI (which is 
provable in S4) to S3 converts it into S4. Thus, from these results 
of Parry follows: {I.a; RI; Gl; G2; G5}s™={S4} and {S3; RI}=™{S4}. 


The question of how many modalities the System T possesses 
remained open. 
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1.4 In the 1950 paper® of Moh Shaw-Kwei the role of the rule 
RI in the field of Lewis’s systems is discussed. He states that 
the addition of RI to Sl] and to S2 yields the same results. A 
system obtained in this way contains S2, is independent of S3 and 
is contained in S4. : 

2. In order to prove that there are infinitely many modalities 
in the System T we only have to show that a matrix which J.C.C. 
McKinsey has constructed to prove the same for S2® also satisfies 
the System T. It is evident that the postulates I.a; Gl and G2 
are provable in S2.'° Then, McKinsey’s matrix satisfies them. If 
an expression @ is a thesis provable from {f.a; Gl; G2}, then, 
according to this matrix a = V (V is a designated value). But 
La = LV = NMNV = NMA= Me V. Thus, the rule RI is satisfied 
also by this matrix, and, therefore, the proof of McKinsey holds 
not only for S2 but also for T. 

Hence, this System T is an intermediary system between S2 and 
S4, and different from S3. [t cannot be equivalent with S3 or S4 
because these two possess a finite number of modalities'', and it 
is stronger than S2, because in S2 the rule RI evidently is not 
provable'*, Then, it is evident that: {T }2={S2; RI} °{S1; RD‘. 

In order to establish a place for the System T it would be 
worthwhile to resolve a question: whether in the System T it is 
possible to substitute in an adequate way the rule RI. by a _finite 
number of the axioms. This problem remains open. 


3. The systems T and M are inferentially equivalent. 


3.1 From the ore of T: {I.a; RI; Gl; G2} we can prove: '4 


Al EMpNLNp Cl wast Detom 
A2 | CLNNpLp {I.a; RI; G2] 
A3 CLpLNNp [Toes Rice Go 
A4 ELpLNNp ET. axel? aad 
A5 ELpNMNp . [Twa; Als Ag 


Having AS we have not only our assumption J.a, but also I.b. 


Wi CpMp [T.a; Gla eAm 
A6  CLNApqLNp . [I-a: REeeGa 
Aq CMpMApq [I-a; A6; Al] 
A8 CMqMApq [Ioa> RE G2-seaal 
A9  CLNqCLNpLNApq [Il. a; RI?4G2:) eee eGo) 
Al10 CMApqAMpMq [I.a; A9; Al] 


W2 EMApqAMpMq [I.a; “Al0; A7> eAs] 


173 


NOTE ON A MODAL SYSTEM OF FEYS-VON WRIGHT 


A proof of the rule RII: If an expression Eaf is a thesis 
of the System T, then also EM2M8 is a thesis of this system. 


a)  {Ea8}—~{CMamA} 


Proof; 
1 fee 
a) Eaf [ Assumption] 
then: 
b) CN#Na [I.a; al 
ce) CLNSLNa [bs SRL; =G7 


CMaMB 3 — VP ea; CsA 


B) {£EaB}—~+{cMSmMa} [Similarly; I.a; RI; G2; AJ 
7) {E28} —>{EMaMf} [I.a; a; ) 


Thus: {I.a; RI; Gl; G2} ~{I.b; RII; W1; W2} and, therefore: 
at tM ys 


3.2 Eros the axioms of M: {I.b; RI; RII; Wl; 2} we can prove: 


Bl “ELPNMNP [Ivb; Def. Ts 
B2 EMpMNNp . ine b:)-RITd 
B3 EMpNLNp [I.b; Bl; B2] 


Having B3 we have not only our assumption [.b but also I.a. 


Gl CLpp — [1I.b; Wl; Bl) 
B4 EMNCpqMAKKpNarkKKpNqNr [rb eR en) 
BS EMNCpqAMKKpNqrMKKpNqNr [I.b; B4; W2] 
B6 ELCpqKNMKKpNarNMKKpNqNr [t.b; BS: Bi} 


BT7 ELCqrKNMKKpqNrNMKKNpqNr 


[Similarly; I.b; RII; W2; B1] 
B8 ELCprKNMKKpqNrNMKKpNqNr 


| [Similarly; I.b; RII; W2; Bl] 


Bom CLEpqehCgrLepr'® [7.b;)B6; Bis, Bs) 
B10 EMNpMNCNpp. Meer soe) 
Bll ELpLCNpp : [I.b; B10; Bl] 
B12 EMNCpqMNCNqNp Liebe RET) 
B13. ELCpqLCNqNp [IebeaBl2s bly 
B14 CLCpqCLpLCNpq fT.b: Bill; Bg! 
B15 CLCpqCLpLCNqq {I.b; B14; B13; B9) 
G2. CLCpqClplgq'® iis Bool 
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. Thus: 
iMG oT 


{I.b; RI; RII; Wl; W2} ~ {I.a; Gl; G2} and, therefore: 


3.3 From 3.1 and 3.2 follows that the systems T and M are 


inferentially equivalent. 


4, In the axiomatic of the System M’.the rule RI is redundant. 


4.1 From the set of postulates {I.b; RII; Wl; W4} we can prove: 


EL ELpNMNp 
E2 CMpNMNMp 
E3 CMpLMp 
E4 MCpp 

ES LMCpp 


Now we prove the following rule: 


Rule III. 


Def. II] 
[1.b; W4] 
[Isb; E22. Ee 
[Wis tons 

[E3; E4] 


BEC y 


If an expression Eafis a thesis of this considerated 


system, then also EL2 LA is a thesis of this system. 


Proof: 
1G Re 
a) Ea 
then: 
b) ENaNf_ 


c) | EMNaMNB 
d) ENMN@NMN& 
ELaLf 


Since we have the rule RII: 


[ Assumption) 


CT beam 
[b; RII] 
[Is bs-se] 
[Tebs2bs2e 


If an expression @ is a thesis of this system, then also La 


is a thesis of this system. 


Proof: 


b) EMC ppa 
c) ELMCppLa 
La 
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4.2 Hence, we have proved that {I.b; RI; RII; Wl; W2; W4}.> 
{I.b; RII; Wl; W2; W4}. Using the entirely similar methods we 
can prove also that in the axiomatics of the systems M and M’ we 
can replace the rule RI by, e.g., the thesis: LCpp.'* 


5. The difference between the System T and the Systems S2 and 
S3 appears much more obvious if we try to add to the System T either 
the axiom _ ; 

C13 MMp or the axiom Cl4. LMMp 


Both these theses are consistent with S2 or S3, and their addi- 
tion to these systems generates the new systems known as S6, S7 
and S8'7; whereas, the addition of one of these theses, C]3 or 
C14, to the System T leads to the contradictory. Namely: 


5.1 In the field of the System T we can prove the following 
additional theses: 


All LNKpNp [I.a; RI] 
Al2 ENKpNpLNKpNp [Teas All) 
Al3 ° EKpNpMKpNp [T. asADos= AM 
Al4 | EMKpNpMMKpNp [A13; RII] 
Al15 EMMK pNpKpNp [E. ak ALS: AIAG 
Al6 LEKpNpMKpNp CA13;—RI] 
Al7 LCMKpNpKpNp (lias ALS Ri 


5.2 Now, evidently if we add the thesis C14 to the System T, 
then we have also C13 (by Gl). But C13 and Al5 give a contradiction. 


Thus, thesis Al6, unprovable in S3 but provable in S4,'® is also 
a thesis of the System T. S. Halldén has shown'® that the addition 
of Al7 to S3 converts this system into S4 and that the addition 
of the negation of Al7, i.e., of the thesis 


Fl NLCMKpNpKpNp 


to S3 gives S7. In respect to the System T, Al7 is its thesis and, 
therefore, F] cannot be added. These examples show in the expressive 
way the differences between the Systems T and S2 or S3. 


6. In this short note there is given a superficial analysis 
of von Wright’s systems showing that from the formal point of view 
the System M (i.e. T) is the most interesting. The problems which 
can arise in the field of the Systems M’ and M”. are the problems 
of S4 and SS. When both these systems are well elaborated, we yet 
know very little about the System M. 
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NOTES 


i) ee Feys,, Nr. 25, and Feys, » p-500, note 13. R. Feys 
called his system a ‘systemt’, but [I *prefer to use a letter ‘T’. 
2) eee Von Wright, , especially Appendix II, pp. 84- 90. 

Sup cts: beys <> of 5 not introduce here a symbol for a strict 
implication because this functor will not be used. 
The definitions of the modal calculi S1-S5 can be found: Lewis- 
Langford,, pp. 500-501. 
AyaeCt, Godel | and Feys,, No. 16.1-16.24. 
Sr Cl. von Wright, Appendix II, pp. 85-90. 
GoeeGi. Feys,, No. 25 and No. 28.1. Also Feys,, p.500, note 13. 
(0) aa Ga Parry,, p- 148, and Parry,. 
Gi Moh Shaw-Kwei,, p- 73. 
9) Cf. McKinsey,. 
10). Cf. Lewis-Langford, , p. 500, pp. 137-139, p. 163,0tae 
thesis 18.42, p. 164, the thesis 18.53. Also Feys,: 6.2; 8.71; 6.42. 
oe CLs Parry,, par. IV-V, and Feys,, RECS 
12) The rule RI is provable in S4, Cf. Godel, and McKinsey- 
Tarski, p.- 5, Theorem 2.1. It is unprovable in S2 because it is - 
unprovable in S3, Cf. Parry,, p. 148, and S3 contains S2. 
13) Cf. Moh Shaw- Kwei,, p. 73. 
14) In the proofs given below I do not indicate the bi-value 
propositional theses which are involved. 
15) Inthe proofs of the theses B9 and G2 I follow von Wright, : 
p- 88, and Lewis-Langford,, 18.53, respectively. 
16) The rule RII is enone than the rule: 


If an expression LCaf is a thesis of S2, then also LCMaMB 
is a thesis of S2. 


This rule, as C. W. Churchman has proved, holds in S2. Cf. 
Churchman, » pp. 79-80. 


17) The definitions of these systems are given in Hallden, . 


p. 213. 
1S)ee Ct: McKinsey, Peal l6, Theores gf 
19) Cf. Hallden, , pp- 128-129. 
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ANALYTIC MINIMIZATION METHODS I: CONJUNCTIVE FORMS 
WG. CARTER and AS.) RELELG 


The designers of electronic digital computing machines have, 
following C. E. Shannon‘, focused attention on sentential calculus. 
The main problems of sentential calculus were formerly regarded as 
solved. However, to quote Prof. W. VY. Quine*, ‘In spite of known 
procedures, there remains a problem which has proved curiously 
stubborn, viz., the problem of devising a general mechanical method 
for reducing any sentential formula to its simplest equivalent.’ 

The purpose of this paper is to explain a new method of re- 
ducing sentential combinations to a simplified conjunctive form 
This reduction is accomplished by the application of a series of 
simple rules. These rules do not require that the function be 
entered on a chart, nor that the distinguished conjunctiveor 
disjunctive normal form be found, Thus the number of sentential 
variables in the combination is not a limiting factor for this 
method. In addition, a set of theorems will show that these simpli- 
fied forms may be chosen to be minimal. 

The given logical combinations will be assumed to be in dis- 
junctive form. (From experience it appears that most logical 
functions are originally conceived in this form.) Advantage will 
be taken of special properties of the logical functions encountered 
in designing computing machines. 


I. Methods of Changing from Disjunctive to Conjunctive Form 
The sentential combinations considered in computing machine 
design are dictated by the over-all machine logic. This machine 
logic may show the impossibility of the occurrence of certain com- 
binations of truth values of the sentential variables. Such com- 
binations of sentential variables will be called ‘undefined’. These 
combinations of truth values may be assigned any truth value with- 
out disturbing the over-all computer logic, (as long as the machine 
is working correctly). By choosing these truth values properly, 
simplifications may be made in the conjunctive form of expressions. 
For example, let f = (C, A. B) v (C, » B...C.cD), andmlet 
the truth value of any normal conjunction containing C, . C, be 
undefined. Using the usual laws of Boolean Algebra', factor B 
from f, Form the following disjunctions, Cav, C gC x C, Chvale 
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Cer As a simplified conjunctive form of f is 


HeetieqB. (Cv C) .(C-vC) ..(C v.D) « (Cv A). 


This may be checked by preparing a truth table for f, using 
either a Harvard minimizing chart® or a chart of the form proposed 
by E. W. Veitch’, and then simplifying the function. 

! Let a second sentential combination be g eq (C, ouA Rs Dav 

(Ce . @v (Ge . D. EE). As before, let any normal conjunction’, 

containing C. . C,, C, . C, or C, . C, have undefined truth values. 
: ait 2 Soa : ay: ; : 

g may easily be written in the following simplified conjunctive 


forms. 


2) g eq (C, v C, v C,) - (Av C, v C,) - (BY C, v C,) ah Cv C,). 
(Dv CG vC,). (Ev C, vC,). 

eercaCey Gri!) (Art). (BY.C) . (Gr C)i. (Dy Ce 
(Ev GC)... 


1) and 2) follow from the application of some very simple 
rules, while 3) needs an additional rule. 

If two sentences have the property that any normal conjunction 
containing their logical sum has an undefined truth value, then 
call these sentences command sentences. To differentiate when 
necessary, call all other sentences standard sentences. 

The following rules will give a simplified conjunctive form 
from a disjunctive form, 


Rules A: 


Al) Factor the sentential combination into disjunctive form so 
that each disjunct contains one and only one command sentence 
and each command sentence appears in only one disjunct. (If 
two command sentences occur in a disjunct, define this dis- 
junct for the function.) 


A2) Factor all common factors from the expression. 
A3) Make the first conjunct a disjunction of the command sentences. 


A4) The remaining conjuncts in the conjunctive form will each 
contain exactly one standard sentence. Each conjunct that 
is formed is composed of a standard sentence and all command 
sentences not present with this standard sentence in the 
original disjunctions. 
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AS) The conjunction formed from the conjuncts of A3) and A4) is 
equivalent to the original function. 


For example, let f=C,.A.BvC,.A.DvC,.B.D 
By rules A, f eq (C, v.C. v C,) CA Y. C,) Bae C,) « {Dv oe 


Rule B: 


Let C,, ..., Cc, be n command sentences. Let Cy, sees CG, be 
divided into two disjoint sets Cs ooo, Cry and Cy) sees Cine 
Let Av Cj, v .-. v Cj, be a conjunct in a conjunctive form found 
by rules A. The conjunct Av C;, v ... v Cj, may be replaced by 


the conjuncts formed from (A v (Cj, Voda aLw Cin) ) to obtain an 


equivalent conjunctive form. 
For example, applying rule B to 2) gives 3). 


It should be stressed that the assignment of truth values to 
undefined sentential combinations made in rule A will change under 
the substitution in rule B. 

Rules A may be generalized to apply to any sentential com- 
bination. Let there be no command sentences in the combination. 
In this case the sentences A and A (or any such pair) can act as 
command sentences and allow the application of rules A. 


For example, let feq A.~ BvA.C ve 
f eq (Av A). (Av C).. (Av B) eq (Av C) . (Av B). 


_ More generally, let feqA.B.CvA. B.DvA.C.cEwAR 
E.F. Inthis case the form of rule Al is obtained by successive 
reductions of the number of variables considered. 


fegA. (B. CvB. D) vA(C. EVE. F) eq [A. (BvD). (BVC)] 
v{A. (Ev F) . (Cv E)] eq (Av Ev F) . (Av CVE). (Av BvD). 
(Av Bv C) 


The rest of this paper will contain the following material. First, 
proofs will be given of the validity of rules A and B. Secondly, 
there will be development of necessary and sufficient conditions 
for the forms found using rules A and B to be minimum forms. If 
the forms found using rules A and B are not minimal, extensions 
of these theorems will provide rules by which minimal forms can 


be found. 


Many of the statements in this paper will be proved as follows. 
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Sentential combinations will be mapped onto a particular ring. 
Each element has degree two over a base field of characteristic two, 
and a simple minimum function, If two sentential combinations have 
the same algebraic map, then the two statements are equivalent, 
and conversely. Because of the simplicity of the minimum function 
and mod two algebra, algebraic manipulations furnish simple proofs 
of the equivalence of transforms. 

The transformation rules are the following®. 


False «——+0 

True <—— >] 

A +a 

A + Be— +a + b 

A. Bs+—ea xb 

A +——ra + ] 
+b 


A v Bara +axb 


Since A. A = F, the minimum function for any element in the Boolean 
ring is given by:a x (a + 1) = 0 or a? = a over a base field of 
characteristic two. The usual associative and commutative laws 
can be proved to hold in the ring. [In addition, the distributive — 
law:a x (b + c) = (a x b) + (a xc) holds. 

In particular, if C,, C, are command sentences, then C,, C 
can never occur at the eae cim, so C, - C. can never eecur: and 
C, . C, may be defined to be false: So af C+-+c,, C-c,, then 
E.: c, = 0. 

The validity of rules A will now be shown, 

Sentential combinations will be defined to be independent if 
the fixing of the truth value of one combination does not always 
imply the fixing of the truth value of the other. 

Let N be the set of integers from ] to n inclusive, and M be 
the similar set from ] to m inclusive. 


Lemma l. 


Let Cc, Cc, be command sentences. Let the elements Aj, i in 
N, Bi, j in M. be distinct and independent of C, and C, . Then 


4) (C, ; A, is SecA) Ay (C, 4 B, - oo Bh) eq c, v OL 
(Cv B,) ae (C, v Ba) . (C, vA,) ets (C, vA,)- 


This lemma will be proved by transforming both the logical 


‘statements into algebraic statements. Let n= m= 1]. 4) becomes 


(C, ; A, OLY, (C, - B, ) eq (C, v C, vues (C, v B, ves (C, v A, ) . Now, 
(C, ° Al )v (Cc, . B. ec, 'a, cb since ‘from previous remarks 


e..¢, a, b, may be defined to be zero. 
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(C, Vv cs) 5 (C, v BL) : (C, v A, )+—+(c, + c,) (c, + b, $C. b.) - 


ORS ae ear ey Co) (C2 Det se Oye 
(ers c,)(c,+ a,+ ca.) se ae Ol Cos chro Bh + cb]. 


[c a+ c+ gia+ ga Jerc,a,+ cb, 


In general, clearly: 
(C, ° A, eee ~ An) v (C, . B, eo ee8 @ By)+-—*- . a see 
at c, b, Ay ba 
By induction, using the fact that (C, v (Si es eq C, v C,, 
(C, v C,) (C, v B,) arate (C, v B,)+—>c, + c, b, b, ate by 
(C, v C,) (C, v A.) shee (C, v A,)s—+c,+ c, a, a, cee an 
(C, v C,) (C, v B,) ware (C, Vacs) ie (Ge A,) ate (C, v- An) 


oh eh a, eee ant 3: b, eee De 


Use the usual notation' of Cae cae i G (logical product) 
3 del 
and Oh Oa OS: C; (logical sum). 
j=l . 


Lemma 2, ~ ; 
Let CG, j in M, be command SOLOS and let Ai; FAL, J #k 
and all Aj; be independent of any Cj. Then 


m {ni Bae 
5) Geren Gy £13 Aij V of 


i=] |j=l k=], .. m 


m mo. 
el {c. a as} 

The proof of lemma 2 is similar to the proof of lemma ] - in 
fact, lemma 1] is the verification step of the induction. 

Lemmas 1 and 2 completely justify rules A in the case that the 
Standard sentences are all distinct and independent. Usually, 
however, they are not distinct and independent, and in this case 
several simplifications are possible,. 

New notation will facilitate further progress. Let S)> S, be 
two sets of integers. 

The logical product S, v S, of these sets is simply the set — 
of all integers in either set, while the logical sun, S, 4 Ss, is 
the set of all integers in both sets. 
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Lemma 3¢ 


Let C;, j in N, be command sentences, A be independent of 
the C:. Let S., S. be two sets of integers contained in N. Then, 
‘j as 


j inN j inN j inN 
6) (Av II Ge). ALY. tie Gs) eq7A7y II C; 
3 J J 4 
ifs, if S, Geiss: 


The proof follows immediately from the mapping, the distributive 
law and the properties of the maps of the command variables. 
_ The complete proof of rules A now follows easily after proper: 
notation has been devised. Let S, be the set of all A;-, 1Z2j Zn; 
i inM. Let S, be the set of all ‘distinct Ajj: rite 


S.= {B,, 12k ZR} 


where 
RZ 5 eS Ay a eee = = ® éoe @ A= 5 
iz] — 3J t a0. *J 
Define T to be the set of integers ie ; Ais cision Ag? ; 


a 
Theorem I. 3 
Let C;, i in Mbe a set ot command. _sentences, and consider 


the sentential combination at C; .- a A; d Form the sets 
=1 ae 


Ss, = {B,}, T. = {i,, yo ieisiot, ij}, 1ZkZR_ using the de- 


finitions in the last paragraph. 


m ny M 5 inM 
7) aS ey Ajj eq (C] v Te Lede Bee II C; 


Proof: Apply 6) to 5) to get 7). 


This completes the proof of rules A. 
To prove rule B the following lemma is essential. 


- Lemma 4: 


Let p, q, r, 8 be sentences, and any normal conjunction contain- 
ing p . q have an undefined truth value. Thenpvreqpvrvq.s 
Proof: Ppvr eq pvrvp.q.s eq Pvrvq. s where 
p-q. s (rv fT) are defined to be false normal conjunctions. 
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m n: 
1 
Consider the sentential combination f = II Gc. £2 Ajj 
i=] jel ‘ 
m aay Pe = 
f=, C; Pa (C; ¥ Ajj). In this case all the terms C; v Ajj 


are distinct and independent. By 5), 


m /{n; a k inM 
a) ¢ (Gey Cantus? VaGs))< — a (Cy v Ajj) v me Cy 


Ae 


m bah teeta 
(Cyr vs 2 a (Cv Ajj) 


using lemma 4. -— 


Now combine the terms containing B, = Aj 5 ee A s 
171 


ii, * 


defined earlier. These terms are 
9) (Bev G ) - (B, ¥ C ) siere (By v Gi) [Buy (G yer Vite we r G 


The set By coo, Ly Vis exactly the set Fy, defined earlier. 


Clearly these alterations may be made as is convenient, and 
rule B is proved. 


Theorem 2. Using the hypotheses and definitions of Theorem iE 


m ny R ae 
10) II C; e pS A;. eq (C) Vieee V C,) ° 3 By Vv (I C; ) 
iz] j= leo k=1 je Ty 
A is) ies. ye 
e conjuncts By v C. and B, v (I /) may be freely 
jAT : J€Ty s 


interchanged. 


While these rules are easy to apply, they do not always re- 
sult in so-called minimum forms. However, additional rules will 
enable these expressions to be changed to minimum forms. 


II. Minimal Forms 


_ In order to avoid questions of circuit design, a truth function 
12 conjunctive form will be defined to be reducible if it is pos- 
Sible to decrease, 
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(a) the number of disjuncts forming the conjunction without 
increasing the number of terms per disjunct, or 
(b) to decrease the number of terms in a disjunct without 
increasing the number of disjuncts forming the conjunction. 
Any truth function f in conjunctive form which is not reducible 
will be defined to be in minimum conjunctive form. This defini- 
tion of minimum form does not depend upon the circuit analogue 
of the truth function; because, as engineering requirements change, 
so does a definition of minimum form based on circuit analogues. 


However, if the minimum forms corresponding to a truth function 
f are known, it is easier to choose the most advantageous form for 
circuit design. 
Theorems will be given which will show methods for reducing 
conjunctive forms, and tests which will indicate when these forms 
/ can no longer be reduced. 


The first type of function to be considered will be: 
G=C . ie weer fv C, © 8, tees Bm Cc, C,, are command sentences. 


Conjunctive forms of G are as follows. 


Smee Ges 6). (g- ¥ Cyc. (8, ¥C,).. (f  yiC yes 


fe v C,) | 
Beem Gayacs) A800 0.) eee (nv Cy. (f iC Jee. 
ct ‘c ) 


Sone examples will quickly ehow that the forms 11) may not be 
Minimum. Let, i =A, ca re Then, G = (C, v C, sa (AtveCe)e 
(Av C,) by 11). owevers if A, A act as command ‘pulses, G= (Av aye 
pace C”)- (Av€,) = (Av C,) (Av C,). 


For another example, let ieee, ACY. by 11), G = 
(C,/ vC,). (Av C,)*(Av BvC). However, it is easily seen that 
Gs (ce v C, ). (A = C, ) (Av B) is a reduced form. 


ree f= ACD « C VaAS Bis as At first glance it will seem 
Phatef<AvYBoAVC.AVB.AVC However, B.C andB. C 
have a common factor, namely B v C, since (Bv C)eCiar Bec 
prde(B vaG) ceB ab. CuoThus f = (BvC). (A. CvA. B) = 
BvC.AvB.AvC, in its well-known minimum form, as shown 
in general in (5). This is a particular example of the following 
theorem. 


Theorem 3. 


If f; . gj, 1 = 1, ~., n, are such that any conjunct contain- 
ing them is either false or has an undefined truth value, then 


186 


ANALYTIC MINIMIZATION METHODS I 


u 


MZ a teases Fy et tS og, (tes) ose oe lay eee 


cA © By +> By * By: (f, Vv g,)- Cf, v BS) onsse (tf ¥ Cle 


The proof by expression is obvious. 


This theorem frequently is useful in finding the factors and 


the factored form of F = C, f ie a J ies Peeters 10 
p(C, i. ee f; v C, &, ee 8, ns 


Let the combination of truth values P, = Poe as = Pee 
True and p,,, = ..- = p, = False never occur. A notation to in- 
dicate hiss will be 


13) P, e P, e@- eee PL ° Pia, eoese Ph = 0. 


Impossible combinations may also be used in another way, as 
shown by the following example. 
- C. Since B. C=O, 


let B. G=0, andG=A.B.C ¥ 
AeeC= Ay. BC vy JA. BCA. B.C, soG=B. (A..Cv ALOe 
B. (Av C) in minimum conjunctive form. 

Now consider the case when f = 3 ccae 1. “ADC ie = coos Bn 
do not have a common factor. The assumption the C2 teas f 0, 
& By eee By 7 0 will also be made, since either = these combina- 


Bs 


See being impossible gives a trivial reduction of G. 

To find conditions under which ]]) is a minimal form, first 
consider the conjuncts. The problem is to find a disjunction con- 
taining g; which is, first, contained in the conjunctive form of G 
and, secondly, has the fewest number of terms. 

Consider the disjunction consisting of g;.itself. If this 
were a conjunct in the conjunctive form of G, then g; eq F would 
imply G eq F. Thus, g; v Geq T, or 


14) G nez eq (, fees f, A a Atl ey, sth eq C, f, ..- 


eee LAN 


Conversely, if C. f SAR eq F or is undefined, thenG eq 
Gg; v g;) eq G. 8; eq 8; . (C fv Cig, --. gi - Big, <= 8s) 
and g; 1s a disjunction in a conjunctive form of G. Similar state- 


ments hold for f;. 

In the following statements use will be made of the well-known 
theorem that G is in a minimum conjunctive form if and only if G 
ls in a minimum disjunctive form. 
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= = = us estes sate LAR a at ae ste 
Moy eG 2G Cove Ce ge A Com fy Hin flog 


: 2 ial i] 1 2 


jel 13 
Set f: - 8} eq T. Then if G= ue - Bs vg, after sub- 
stitution 


16) g eq Cc, VC, v of ie Vv a 8; eq T, since C, ° C, eq T, 
jAi ifj kettue : 

is impossible. Thus all disjuncts of the form f; » g; may be dis- 

carded’, 

Each disjunct in an irredundant equivalent of G may be ex- 
panded into a set of normal disjuncts of G.' .The totality of these 
normal disjuncts may be used to form the distinguished disjunctive 
normal form of G. This form defines G completely, and has been 
used as a basis for the theorems of sentential calculus. These 
disjuncts have also been the basis for most minimization methods, $* 597 

Consider the set of normal disjuncts formed from the disjuncts 
in an irredundant form of G. Some normal disjuncts will appear in 
the expansion of several irredundant disjuncts, while others will 
appear in the expansion of only one irredundant disjunct. Normal 
disjuncts of the second kind will be said to correspond uniquely 
to an irredundant disjunct. 


Lemma 4. : 5 é, 
; re Ad diy i ae Sek. 
Let G= An C, a Pal C, : f; v Cc, ; C,; C, C, be command 


sentences. The disjuncts corresponding uniquely to the irredundant 
disjuncts of G are listed below. 


Component ‘Corresponding Defining Disjunct 
om a k inM j inN 
Oe ee kG. Bp) se (Civgy)-. 2 , (Ca, f;) ; (C, v 


k fi 


¥ = >. i in M. k inN 
C, e Me (C, ° f5) >3, (C, v Bi) k 7 (C, v Ty) * Cc, ad C, 
i in M j inN 


CaS Cc (Co-7 Co )igetees (Gye R=) i 2 (C, v £5) 


ae: M j inN. i 
(C, . 83) e oe i (C, v 8) ° Zz (C, v £5) ° (C, v C,) ; 
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k in M jinN 
II 

k Ail 

= ¢ e C, . g, es ese Bi-, . Bi ° Bits o e808 Bm 


17) = C eC oms (C v 


s C, . g, a Bi =, ° Bi . Sie ee En ° 


Now, G 
(C, g, Tj), kinM, k#i, j inn, 


: Bi in normal disjunctive form may be written as e ° Bj - iN 


All disjuncts containing ec k # i are also in the normal form 
corresponding to C, 5 eke Thus only affirmative g,, k Ai, are left. 


Similarly only disjuncts containing C, may be left. Since 
the f; are unrestricted the normal disjuncts implied uniquely by 


C, - 8; are given by the stated expression. 


The proofs for ce wet tCar. C, are similar. 


ca 1=0,..m k=1,..n 


eyed) 2 (Cl vg:).- 2. (Cyt) (Ce 


‘AS 


ste js jti n 
=C - eo f5., ° f; ° fie, 2 eee is 
= = 1=1, Jaty- 
ROVE Cer CS). (Ce vog;) (C, v £;) 


Using these lemmas the following main theorem and its attendant 
corollaries may be proved. 


Theorem 4. 
Let G = C, mee Lr C, 8, +: 8m C, Cc, be command sentences, 


let no expressions of the form 14), 17), 18) or 19) have undefined 
truth values or be false, C, : £4 0, C, : gr 0, and let f, g have 
no common factors. Then minimum conjunctive forms for G are 


sf 


) 


11) 2G.= (Cow C.) . (Covig) o-2 (CG veg.) (Cv fp) ee (Comune 
G=(C y¥C). (Cv £) ..- (C fvet scl Cry 6 7)c. oC meee 


Note that CY 83 and (ei Vv g; and C, v f; and ce v f; may be freely 
interchanged. * 
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C, does not appear as a conjunct, since if it did, then c ~G, 
or Gc - Geq ForC,. geq F, which is impossible. 
j Assume that some saiejunce? say C, Vv 83, does not appear (this 
| statement will be proved false). If G » By» coe By are all true, 
then G is true. However, C, is ales ace C., C. are command 
variables. Now let g; be false, and and all other g: be true. 
| The assumed conjunctive form of G is unchanged (g; does not appear), 
so if this conjunctive form of G exists then G is true for this 
set of variables. However, since C, is false, G is seen to be 
false from the disjunctive form unless the truth combination G; 
false, C, and all other Bj true is an impossible combination. Hon 


ever, C, g, + ++ 8i., 83 Bit, °°° g,4 0 by the assumptions of the 
we and the assumption that Oe ES does not appear has lead 


to a contradiction. Thus each conjunct appears. The same proof 
holds for Cy fi. 

Using Lemma 4 it is clear that to Cc ° c there corresponds 
uniquely a normal disjunct which does not correspond uniquely to 
any other irredundant two term disjunct. 

Thus, C . C. lies in the core of F,° and, in this case, since 
19) 4 0, Ge v_C, always is in the minimum conjunctive form of F. 

This pom letes the proof of the theorem. 

The hypotheses of the theorem will now be considered in detail 
to see if their weakening will simplify the conjunctive forms of G, 


Corollary 1: ° 


Let G=C . e osee £, v-C, Bieber ee be command 
sentences, let so proreesione or ae form OY. V7) or 18) have 
undefined truth values let C, £ # 0; C, g # 0 and let. f and g 
have no common factors. The conjunct C, ¥ C, can be dropped from 


the form i) “if and only rf & ° ci e ft eee fo ° 8, eee Bnet 


false or has an undefined truth value. [In this case CaNee. and 
C. vg; and C, v f; and C, v f; may not be freely interchanged. 

IfC,.C,. £. g has an undefined truth value, then by the 
proof above C, v C, is not needed. 

183 Cc, = C, » C, vC, eq CG, ~.C. eq T is superfluous. If 
f; = ej use f., 8; 
from the proof of the theorem. 

If G is written in the second conjunctive fore of 11), then 
the disjuncts corresponding uniquely to C, vC, are given by C: . C,. 


as command sentences. The converse is clear 
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; 


The corresponding defining conjunctions 17) and 18) are unchanged. 
However, if C, v C, can be dropped from the first form of 11), 
then 17) becomes 


1) Cc, ee epet Rios Cie sei ee ae ee Cray f) 
18) becomes 


US TOS RT Peet FS Sree el (Cie oy fe) 


Thus the interchange of C, v f; and C, v f; is not always possible. 
It might well be noted that if f; - 8; = 0, then 19) = 0 and 
the corollary applies. This condition is frequently met in practice. 


Corollary 2 
Let G = C, ates eters i. v C.: B, c++ Spi C, C, be command 


t 
sentences. If Ce ee es Bee te) Cie bi ee is false or has 


an undefined care ae then g, may be dropped from the disjunctive 


form and COxrE. (C, v g;) from the conjunctive form. Similarly, 
if C, ° f eee too -1 e ae e fie, eee a = 0; then f; may be dropped 
from the disjunctive form and C, ¥ f; (C, v f; ) ee the conjunctive 
form. 


Define C, : 5 Bae: er o Ss4 ae Smied F. 
Geq Gv C, a eer sim Se ee 
eq C, fv Cees eens ioe Sapp e’ Sms 
The rest is obvious. 


Corollary 3 ; 
Let G=C f, ... Lee C, g, «++ 8 andC, C, be command 


sentences; f, g have no common factors. 


85 (£5) are conjuncts in a minimum conjunctive form of G if and 


only if C,. f. 8, = 0 (C,.¢. f; = 0). 
This was essentially proved earlier. 


Corollary 2 and Corollary 3 may clearly be applied as many 
times as hypotheses are fulfilled, and each application yields a 
reduced form. 


Let K be a logical statement concerning C, C.) fi. B&B, *+ Bm 
Let K be such that K = 0 does not imply, for some i, j, that 14) = 0. 
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Vor 17) = 0, or 18) = 0, or 19) = 0. Now K = 0 will not decrease 
the number of conjuncts in the conjunctive form 1]) as long as f, g 
‘have no common factors. This is true by Lemma 4 since all dis- 
‘juncts in the disjunctive normal form of G must correspond to some 
disjunct in the minimum form of G, and by the lemma all terms in 
' 11) correspond to necessary terms in G Neither will K = 0 decrease 
| the number of terms in any disjunct, for in order for this to happen 
C, tie Bj or C, g ui must be false or undefined for some i or }j. 


Theorem 5: 
Let G = C, ty. C, LRG Cc, C, be command sentences and f, g 


have no common factors. Theorem 4 and its corollaries express all 
| possible reductions in the conjunctive form of G. 
| The next case to be considered is that in which f and g have 
) a common factor. In this case factor f and g into f = Sf* and 
'g = Sg* and assume that the number of conjuncts in f* and g* is 
| less than the number of conjuncts in f and g. It will be assumed 
that a factoring in which F reduces to the previous case does not 
occur, in other words S. (C, f* v C, g*) £0. 

Proofs similar to Sere bereied out previously are valid, 
and the following theorem may be obtained, where S is any logical 
expression in conjunctive form. 


Theorem 6: 

Peterman (iti iC- Sees (C, fr C, g)=S. (Cf 4... 
ar C, 8, eee Bq) C,, C, be eng sentences; Cc, f a5 ff 0, 
C, g, - En 0,S. (C, fv C, g) #0, f£ and g have no common 
factors which decrease the length of f oe. £, and 8, «s+ 8 In 
conjunctive form 


hes CC Cre, Cys, Cyt ... © yf, 


Superfluous Disjunct Necessary and Sufficient Condition 
for Reduction 


Cc vc, See 1C. 11g = 0 

Civ g; S.C, g, a ey Bi Biss °- By = 0 
C, vf; ¢ S ° Cc, 2 De i) f; fis ece f = 0 
C, v gj reduced to g; S.C fg;-0 
C, v f; reduced to f; Se. C, g f; = 0 


Similar statements can be written replacing C, v g; by C, v g; 
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and C, v £5 with C v f; if proper care is taken with the replacement 
of C, vC. 

Theorem 3 is useful in finding factors S. 

Remember that in practical applications if, for example, 
S = p v-q, m= n= 3, thenp. g,°9,94-+ 6, * 0 would imply that 


C, v g, was superfluous. 


Now consider the general case in which 


~ 


n a n : ay 
20) oS oe Oe ak g; where C; . Sa 0 for i A je 


A minimum conjunctive form for G may be built step by step 
by using the previous theorems. First, a minimum conjunctive form for 
Cc, : g, vC, : 8, =, Vv C,) h, = (C, vC,) (C, y Pe) aoe (C, v fin oe 
(C, v io) ane (C, vies ) may be found, using Theorem 4 and its 
corollaries or Theorem 6: Now, a conjunctive form may be found for 
ees tec et G8, = (C, vy Co) be Cg. (Coy Ceres 
using Theorem 4 and its corollaries or Theorem 6. hy = (‘c v fa cus 


(Cry fin) C, yi (vt, ) (Cov fo ye Cex fun) 


In forming h, use was made of the identity Gs v ro v CeviC ven 
Cay ine and similar identities. 

Now consider the conditions for dropping a conjunct. C, v C, v C, 
may be dropped if C v C, v C, eq T. This, of course, can hold 
only if n= 3. If n # 3, there is no reason to consider replacing 


G v f;. with f;_ since the next step in the method would replace ~ 
J J 

feeby fi. -¥ (CN Cr C,) a more complicated set of conjuncts. 

The condition for dropping G v fi isG . aie eet 

ra 


- ai fie 
i= 1ueeeegd 
dae 56 ee = 0. This condition depends only upon the original 
AO 1 

disjunct and thus may be applied at any time. 

As an example consider G = Cc, ee 4 a8 C, ae and see the 
condition which must be fulfilled if i. is to be a conjunct in 
the conjunctive form of G. By lemma 4C, v re eq C, Cae fi. 

The condition that f, is a conjunct thus may be transformed 


as follows: [(C, v C,).(C, v f,).(C, v £,)]. f, eq [(C, v¥ C f). 
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Meee Caf )j- f eq (C f).¥.G.f,).. f 


By induction, £5 becomes a conjunct in the conjunctive form 


| of G defined by 20) if and only if 


1 inN 


21) coe C; gi) - Fj, * 0 Nae 


Thus-all conditions for reducing the conjunctive form of G are 
independent~of the choice of order in which the command sentences 
are taken, and a unique reduced form is obtained. 

_Alternate forms may be obtained by the use of Theorem 2. In 


other words (C. f g).(C, v g) may be replaced by 
1 2 


i inN 
(gov i C;) 
i y4 1,2 


Now assume that Si» 1 =], ... n, have a common factor p. 
Now, p aps gj, i=l, ... n, and pg; = p mes — f" im; Aes Bee, 


_ The sum 2 m: may be compared with 5 n; the number of original 


1=1 a=1 
erm. If K is the number of conjuncts in p, and if K + = 
l= 4 
m= = n; factoring p from G will lead to a conjunctive form 
i= 1 


with fewer disjuncts of fewer terms per disjunct. Make the assump- 


tion that the Si» i =1, ..., n have no common factor p, with k 


conjunctive terms, such that 


In addition, assume that Cj 2; Z 0, 1 = 1, ..., ne Now consider 


combining these statements into a theorem. 


Theorem 7. 


n i By 


ne 
Let G= I (ae G+ 0 Gigi G- C;=0, if j, 

1 | qnaie 
C; gif 0, ifl Seens ae Let oe: = Ee eee 0, have no common factors 


p, with k conjunctive terms, Bi = Pp. —B' =p Lon au fs auch 


in; 
that k + be a<) z Nie 
Lome Sees UE Tee 
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In conjunctive form G = C Viwiesee Vales ps C: v f:; 


154 


Certain reductions are as follows: 


Superfluous Disjuncts Necessary Condition 


C, View ce 1Y: C, (oe see TES = 0 


CG v 5 replaced by f; k inN 


C; Vv fis Ge fi, eee fijes fj fijeree fini =(@ 


Possible reductions may be obtained by applying Theorem 2. 


n 
The case inwhichG-=p. II C; 


i ° 8j may be treated, as 


Gas 7 { ae 2 
before, by simply changing the necessary conditions by forming 
the conjunction of p and the necessary condition expressed above. 


l. 
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NOTES ON DECISION ELEMENT SYSTEMS 
USING VARIOUS PRACTICAL TECHNIQUES 


_ JOHN D. GOODELL 


The logic of Decision Elenents, an interpretation of the 
Calculus of Propositions, is applicable to all techniques for 


_.the construction of digital computing devices.’ It has been demon- 


strated many times that complete systems may be constructed using 
only the element (or logical functor) S or the element D. From 
the logical point of view, and using some physical techniques, 


this is entirely valid. As a practical matter, there are a number - 


of desirable techniques where it is necessary to have a minimum 
of two types of D.E.’s available as well as a clock possible gener- 
ator (V). (ne such system uses Magnetic Decision Elements in which 
all of the necessary functions are incorporated in a practical 
‘building block’ design for the construction of digital computers. 
In such a device four basic functions must be incorporated: 


(a) Decision (b) Power Gain (c) Temporary Storage 
(d) Pulse Shaping 


In Magnetic Decision Elements (b) is accomplished by dif- 
ferential loading on tle clock pulse versus the intelligence pulse, 
(c) is handled by storage in rectangular hysteresis loop materials, 
(d) from the quantifying characteristics of such magnetic materials 
when flux swings are between limits of saturation and (a) by diode 
mixing and/or magnetic cancellation effects. 

The input information is recognized by such magnetic materials 
as a pulse that changes the state of the flux from saturation in 
one direction to saturation in the other direction, and the output 
information is generated as a pulse that results from a flux swing 
caused when a clock-pulse signal applied to the magnetic material 
in the correct sense to return it to its normal or zero state. If 
no input pulse has been received, the clock pulse moves no flux 
and the output is ‘no pulse’, i.e., 0. It is evident that such a 
device cannot generate an output at the same time that it is receiv- 


ing an input. Consequently, such Decision Elements must be divided - 


(Received June 28, 1953) 196 


NOTES ON DECISION ELEMENT SYSTEMS 


into two sets and operated from two sources of clock pulses staggered 
with respect to their time phasing. Thus, in any circuit of Magnetic 
Decision Elements, successive alternate elements are connected to 
opposite time phases of clock pulse. In practice these two clock 
pulse trains are derived from a center-tapped output transformer 
associated with a single clock-pulse generator. This means that 
if the primary oscillator source operates at, for example, 200 
-kilocycles, then the actual rate of information travel through a 
complex configuration of Magnetic Decision Elements will be at 
the rate of 100 kilocycles, although the actual pulse width is 
S microseconds. 


The information is ‘stepped’ along through the circuit from 
one set of elements to the other set of elezents in an interlaced 
pattern. Five microseconds are consumed in applying input informa- 
tion ta one set of elements, and at the same time five micrcseconds 
are consumed in reading information out of the other set. The 
total time from the beginning of the input pulse applied to any 
element to the termination of the output pulse is ten microseconds. 
In order to handle this conveniently in the Decision Element nota- 
tion, one clock pulse train is designated 2 and the cther A, and 
the corresponding symbols are inserted in the circle at the top. 


_ Under the conditions described it is not possible to estab- 
lish a complete system using only one type of element, for example S. 


Assume, for example, that it is necessary to synthesize the element 
T as follows:? 


q - 7 2 
q . ~ 
SpSqlIrr = SpNq = NLpq = NCqp = Tpq 


Evidently the insertion of a single input S for negation on the 
input q will result in applying the inputs p and q at different 
times, and it is necessary to insert a suitable time delay in the 
line for p. In order to introduce a time delay that does not 
affect the intelligence content, Assertium for one argument is 
required. But this is constructed from two S elements in series! $ 


- 
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SSpIqqllqq = SNpNp = A,p = Asertium p 


Thus a new unwanted time delay is applied to the input p and problem 


leads to a contradiction. 
In order to resolve this in a system based on S, the most con- 


-venient element to use in magnetic techniques is A. The decision 


required from A -is readily obtained by an input diode mixer, and 
no magnetic cancellation effects are involved. Furthermore, A 
with one input functions as Assertium and constitutes a means of 
constructing delay lines of any required length by connecting 
single-input A elements in series without affecting the intelli- 
gence. Finally, A is the complement of S and thus corresponds to 
output negation of S. Thus many negations that would ordinarily 
be necessary in.a system depending solely on S can be accomplished 
by substitution of A for S or S for A. 

Practical devices of this kind have been constructed and are 
now being used in the design of digital computers. It is of passing 
interest that R and K have also been designed using similar magnetic 
structures in order to minimize the number of Decision Elements 
required in circuits where these functors are extensively used. 
There is a relatively minor advantage in having individual elements 
K and R available in a form that requires only one unit of operat- 
ing time, since when these elements are synthesized, two or more 
units of time may be involved, and in some types of serial machine 
designs this factor represents a gain. However, in many machine 
designs the logic that develops out of an exclusively S/A system 
is such that the goes tky. of K and R as separate elements is 
of minor import. 


NOTES | 


1. There is no implication that the systems that have been 
described in previous papers for the logic of Decision Elements 
and the special notations that have been developed are necessarily 
optimum for handling the analysis of all practical techniques. In 
some cases, particularly where special devices of complex input/ 
output logical characteristics happen to be desirable from the 
physical packaging point of view, other notations and concepts 
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may be more convenient. llowever, the Decision Element logic and 


notations are very basic in nature and any binary system may be 
interpreted and analyzed in these terms. 


2 - 3. From the tables of definitions for an S/A system given 
on pages 97 and 98 of Vol.1, No. 2, The Journal of Computing Systems. 
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